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中 文 摘 要 ： 本計畫為教師覺適力的跨文化比較研究，以台灣、德國為例比較東
西方文化差異下，教師覺適力的異同，為達此目的，本計畫更進一
步探測專家（大學端師培者）觀點作為參準(參考的標準)。本報告
中的研究目的有二：
1.探討台灣與德國之專家觀點的異同
2.探討台灣專家觀點與教師覺適力之間的異同（德國教師的資料尚
在翻譯中，與德國教師間的比較將於後續持續進行）
研究工具包含18個數學教學的情境，分屬三個維度，即表徵使用、
學生思考處理、教學活動安排，數學內容上選取的是方程式與函數
。施測以線上方式進行，本報告使用的資料來自19位台灣數學教育
專家、19位德國數學教育專家，以及102位台灣在職數學教師。資料
以內容分析法進行，先分析專家的回答，形成編碼系統後，也用以
分析教師資料。
關於研究目的一，兩國的專家顯示出多種文化差異。以表徵來說
，若圖形表徵本身也為學習目標者（例如，函數圖形），則兩國的
專家都相當重視圖形表徵與符號表徵之間的連結，但若圖形表徵的
目標是為了支持學生學習概念或程序技能（例如，天秤圖示），台
灣專家則不若德國專家強調表徵連結。關於學生思考，雖然兩國的
專家都認為情境中的教師沒有處理好學生的迷思概念，但與台灣專
家不同，德國專家強調學生的思考方式與內容是很有價值、應以之
為基礎延續發展的。關於教學活動，兩國的專家並未顯示出明顯差
異。
關於研究目的二，以表徵來說，有高比例的在職教師無法辨識情境
中教師不足之處，他們沒有提到情境中教師未恰當連結圖形表徵與
符號表徵，而是相當推崇具體表徵與動態表徵的使用。與專家的情
況不同，專家重視兩種表徵之連結的情況因圖形表徵是否為學習目
標而不同，教師則是普遍性地不聚焦於此。以學生思考來說，高達
43%的在職教師無法辨識情境中教師不足之處。有趣的發現是，有
28%的教師提到對於學生學後一個月仍不知道一元二次方程式有兩個
解感到困惑，他們的批判在於懷疑一個月前的教學有不適當之處。
以教學活動來說，台灣的教師與專家呈現很大的差異，相較於台灣
專家，台灣教師的覺適主要在教學方法上，批判該教學太過教師中
心。比起台灣教師，台灣專家則有更高的比例聚焦於情境中的教師
沒有掌握機會讓學生比較不同假設未知數的方法各有怎樣的優缺點
。

中文關鍵詞： 數學教師覺適力、數學教學品質、跨文化比較、專家規準、學生思
維、表徵、教學活動

英 文 摘 要 ： The project is a cross-cultural comparison study of Taiwan
and Germany regarding teacher noticing. To compare teacher
noticing in the two countries, expert norms of researchers
and teacher educators were used as a frame of reference.
Based on these, this report focused on (1) illustrating how
expert norms can be different from a Western and an East
Asian perspective and (2) illustrating how the expert norms
and the teacher noticing can be different in Taiwan (German
teacher data are still in the process of translation, thus



the present report can only focus on Taiwan’ situation for
this objective). To explore the two objectives, three
dimension were chosen: the use of representations, dealing
with students’ thinking, and the use of tasks.
The participants included 19 and 19 professors from Taiwan
and Germany respectively. For the in-service teacher
sample, 102 Taiwanese teachers were included. The
questionnaire with 18 vignettes (18 norm/noticing
questions) were employed and the survey was conducted in
the native languages of the experts and teachers via the
online tool Unipark. Content analysis was conducted to
analyze the expert data and the coding rubric was thus
produced. The coding rubric was then used to code the
teacher data.
Regarding the comparison of expert norms between the two
countries, cultural differences revealed. For
representations, regarding the situations in which
graphical representations are not only means to learn
mathematical concepts but also the content to be learnt,
the expert from both countries emphasized the connections
between the graphical and symbolic representations. For
student thinking, the experts from the two countries also
revealed cultural differences. Though the two cohorts both
indicated the teachers’ insufficiency about dealing with
student thinking, the German experts emphasized the value
of student thinking and indicated that the teacher should
appreciate and encourage it. For tasks, the experts from
the two countries presented similar ideas.
Regarding the comparison of expert norms and teacher
noticing in Taiwan, for representations, a much higher
percentage of in-service teachers did not recognize the
breaches. They appreciated the use of concrete
representations and dynamic representations to support the
learning of mathematical concepts.For student thinking, as
high as 43% of the in-service teachers did not recognize
the breach in the vignette. Instead, 28% of the teachers
mentioned about not understanding why students still not
know the equation has two solutions and criticize the
possible problem of previous instruction. For tasks,
comparing to the experts, the in-service teachers
emphasized more on the teaching methods than the use of the
tasks. They cared more about whether the instruction is too
teacher-directed, while the experts criticized more on the
teacher’s insufficient use of the tasks for not seizing
the opportunity to discuss the pros and cons of the
different possibilities of assigning unknown.

英文關鍵詞： Teacher noticing; cultural norms; instructional quality;



cross-cultural design; student thinking; representations,
tasks
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摘要 

本計畫為教師覺適力的跨文化比較研究，以台灣、德國為例比較東西方文化

差異下，教師覺適力的異同，為達此目的，本計畫更進一步探測專家（大學端師

培者）觀點作為參準(參考的標準)。本報告中的研究目的有二： 

1. 探討台灣與德國之專家觀點的異同 

2. 探討台灣專家觀點與教師覺適力之間的異同（德國教師的資料尚在翻譯

中，與德國教師間的比較將於後續持續進行） 

研究工具包含 18 個數學教學的情境，分屬三個維度，即表徵使用、學生思

考處理、教學活動安排，數學內容上選取的是方程式與函數。施測以線上方式進

行，本報告使用的資料來自 19 位台灣數學教育專家、19 位德國數學教育專家，

以及 102 位台灣在職數學教師。資料以內容分析法進行，先分析專家的回答，形

成編碼系統後，也用以分析教師資料。 

關於研究目的一，兩國的專家顯示出多種文化差異。以表徵來說，若圖形表

徵本身也為學習目標者（例如，函數圖形），則兩國的專家都相當重視圖形表徵

與符號表徵之間的連結，但若圖形表徵的目標是為了支持學生學習概念或程序技

能（例如，天秤圖示），台灣專家則不若德國專家強調表徵連結。關於學生思考，

雖然兩國的專家都認為情境中的教師沒有處理好學生的迷思概念，但與台灣專家

不同，德國專家強調學生的思考方式與內容是很有價值、應以之為基礎延續發展

的。關於教學活動，兩國的專家並未顯示出明顯差異。 

關於研究目的二，以表徵來說，有高比例的在職教師無法辨識情境中教師不

足之處，他們沒有提到情境中教師未恰當連結圖形表徵與符號表徵，而是相當推

崇具體表徵與動態表徵的使用。與專家的情況不同，專家重視兩種表徵之連結的

情況因圖形表徵是否為學習目標而不同，教師則是普遍性地不聚焦於此。以學生

思考來說，高達 43%的在職教師無法辨識情境中教師不足之處。有趣的發現是，

有 28%的教師提到對於學生學後一個月仍不知道一元二次方程式有兩個解感到

困惑，他們的批判在於懷疑一個月前的教學有不適當之處。以教學活動來說，台

灣的教師與專家呈現很大的差異，相較於台灣專家，台灣教師的覺適主要在教學

方法上，批判該教學太過教師中心。比起台灣教師，台灣專家則有更高的比例聚

焦於情境中的教師沒有掌握機會讓學生比較不同假設未知數的方法各有怎樣的

優缺點。 
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Abstract 

The project is a cross-cultural comparison study of Taiwan and Germany regarding 

teacher noticing. To compare teacher noticing in the two countries, expert norms of 

researchers and teacher educators were used as a frame of reference. Based on these, 

this report focused on (1) illustrating how expert norms can be different from a Western 

and an East Asian perspective and (2) illustrating how the expert norms and the teacher 

noticing can be different in Taiwan (German teacher data are still in the process of 

translation, thus the present report can only focus on Taiwan’ situation for this objective). 

To explore the two objectives, three dimension were chosen: the use of representations, 

dealing with students’ thinking, and the use of tasks. 

The participants included 19 and 19 professors from Taiwan and Germany respectively. 

For the in-service teacher sample, 102 Taiwanese teachers were included. The 

questionnaire with 18 vignettes (18 norm/noticing questions) were employed and the 

survey was conducted in the native languages of the experts and teachers via the online 

tool Unipark. Content analysis was conducted to analyze the expert data and the coding 

rubric was thus produced. The coding rubric was then used to code the teacher data. 

Regarding the comparison of expert norms between the two countries, cultural 

differences revealed. For representations, two phenomena can be distinguished. 

Regarding the situations in which graphical representations are not only means to learn 

mathematical concepts but also the content to be learnt, the expert from both countries 

emphasized the connections between the graphical and symbolic representations. 

However, in the situations where graphical representations function as supports for 

learning concepts or skills, different from German experts who still focused on the 

connections between representations, Taiwanese experts often criticized the 

insufficiency of the representation itself in terms of helping learning. This findings 

indicated that Taiwanese experts focused more on the product, mathematical concepts. 

For student thinking, the experts from the two countries also revealed cultural 

differences. Though the two cohorts both indicated the teachers’ insufficiency about 

dealing with student thinking, the German experts emphasized the value of student 

thinking and indicated that the teacher should appreciate and encourage it. For tasks, 

the experts from the two countries presented similar ideas. 

Regarding the comparison of expert norms and teacher noticing in Taiwan, for 

representations, a much higher percentage of in-service teachers did not recognize the 
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breaches. They appreciated the use of concrete representations and dynamic 

representations to support the learning of mathematical concepts. However, unlike the 

experts, whose degree of emphasizing the connections between graphical and symbolic 

representations depended on whether the graphical representation is also the learning 

objective, the teachers seemed consistent address the connections insufficiently. For 

student thinking, as high as 43% of the in-service teachers did not recognize the breach 

in the vignette. Instead, 28% of the teachers mentioned about not understanding why 

students still not know the equation has two solutions and criticize the possible problem 

of previous instruction. For tasks, comparing to the experts, the in-service teachers 

emphasized more on the teaching methods than the use of the tasks. They cared more 

about whether the instruction is too teacher-directed, while the experts criticized more 

on the teacher’s insufficient use of the tasks for not seizing the opportunity to discuss 

the pros and cons of the different possibilities of assigning unknown. 

 

 

Keywords: Teacher noticing; cultural norms; instructional quality; cross-cultural design; 

student thinking; representations, tasks 
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INTRODUCTION 

Mathematics teachers’ professional competence has been considered as a critical factor 

to influence students’ mathematics learning, and a substantial amount of national and 

international studies on mathematics teachers’ professional competence have been 

carried out in last decades since Shulman (1987) proposed a theoretical framework for 

the knowledge base of teachers. Many studies aligned with the work of Shulman to 

focus on the cognitive perspective on mathematics teachers’ professionalism (e.g., Ball, 

Thames, & Phelps, 2008), especially those aimed to make international comparisons 

(e.g., Hsieh et al., 2011; Schmidt et al, 2011). After two decades of domination of this 

perspective on research of teaching and teacher preparation in the discipline of 

mathematics, some researchers started to devoted themselves to another construct — 

teacher noticing (Sherin, Jacobs, & Philipp, 2010), also named as teacher professional 

noticing (Jacobs, Lamb, & Philipp, 2010; both words “noticing” and “professional 

noticing” represents the same concepts hereafter in this document), which reflected the 

situated perspective of teachers’ professional competence (Kaiser et al, 2017). The 

researchers assessed mathematics teachers’ identifying a noteworthy classroom 

situation, and their sense making and reasoning about the situation based on their 

corresponding knowledge, to explore teacher noticing (van Es & Sherin, 2002), which 

is crucial for a teacher to act adaptively and appropriately in the varied, amorphous, and 

complex classroom situation, and is evidenced to distinguish preservice and novice 

teachers from expert teachers (Dreher & Kuntze, 2015; Sherin & van Es, 2005). 

The studies which assessed teacher noticing usually used the norms accords with 

the criteria for high-quality teaching to determine what teachers should notice regarding 

specific events in mathematics classrooms (Santagata, 2010). Given that teaching is 

entrenched cultural and societal phenomenon (Pang, 2009), the criteria for high-quality 

teaching could be perceived differently according to underlying societal and cultural 

norms. The schemes used to interpret and compare educational interactions are shaped 

by researchers’ socio-cultural values. When making cross-cultural comparisons, even 

the interpretations of an obvious term could become problematic. Thus, a research 

design should construct appropriate balance between competing commitments to reach 

a compromise between validity and comparability (Clarke, 2013). The assessment and 

the comparison of teacher noticing must take the cultural and societal backgrounds of 

Taiwan and Germany into consideration to form normative settings of what a secondary 

mathematics teacher should notice and the quality of their noticing to ensure the validity 

of cross-cultural comparison.  

Based on the aforementioned background, the present project includes the 

following research questions, which involves the comparisons between experts in 
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mathematics education and secondary mathematics teachers across the two countries, 

as shown in Figure 1-1. 

Figure 1-1. Model for cross-cultural noticing research 

 
 

OBJECTIVE 

The report focus on the following two objectives: 

1. To illustrate how expert norms for the use of representations, dealing with students’ 

thinking, and the use of tasks can be different from a Western and an East Asian 

perspective. 

2. To illustrate how the expert norms and the teacher noticing for the use of 

representations, dealing with students’ thinking, and the use of tasks can be different 

in Taiwan.  

The data of German teachers’ noticing are still in the process of translation, thus 

the comparison between the teachers from the two countries has not been finished and 

the Taiwanese and German teams will keep analysing. 

 

THEORETICAL BACKGROUND 

1. Teacher noticing 

In the last decade, research on teacher noticing has gathered momentum in the 

international mathematics education community, since situation-specific skills 

including perception and interpretation of key aspects in complex classroom situations 

are considered an important component of teaching expertise (e.g., Blömeke et al., 2015; 

Kaiser et al., 2017; Schack, Fisher, & Wilhelm, 2017). As a result, there is a growing 

body of research indicating that teacher noticing is indeed a central aspect of the missing 

link between teachers’ dispositions on the one hand and their performance in the sense 

of instructional quality on the other hand (Stahnke, Schüler, & Rösken-Winter, 2016).  
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Although different conceptualizations of teacher noticing can be found (see theme 

1 of this issue), essentially, there are encompassed aspects of perception and 

interpretation of relevant features of instructional situations (Sherin, Jacobs, & Philipp, 

2010). Hence, in line with the conceptualization by Sherin (2007) and the underlying 

theoretical approach by Goodwin (1994), we understand teacher noticing as  

- attending to aspects of classroom situations that are relevant for instructional 

quality (selective attention) and 

- interpreting them by drawing on corresponding professional knowledge and 

beliefs (knowledge-based reasoning).  

Often, studies on teacher noticing specify certain aspects of instructional quality 

that are considered (Stürmer & Seidel, 2017). This means either a specific aspect, such 

as dealing with students’ mathematical thinking, is focused (Jacobs, Lamb, & Philipp, 

2010; Dreher & Kuntze, 2015) or a certain model of instructional quality is taken as a 

reference, which makes corresponding aspects explicit: Mitchell and Marin (2015) 

employed, for instance, the Mathematical Quality of Instruction framework by Hill and 

her colleagues (2008) to investigate pre-service teachers’ noticing. This framework 

proposes several aspects to characterize subject-specific instructional quality including 

mathematical explanation and justification, interpreting students’ mathematical 

utterances, the use of multiple representations, and linking among representations (Hill 

et al., 2008). 

 

2. Assessing teacher noticing 

Since investigating teacher noticing involves challenges and corresponding decisions 

regarding the methodology (Jacobs, 2017; Sherin & Russ, 2011), many different 

operationalizations of the construct can be found in the growing body of research. It is 

however widely accepted that vignettes in the form of short videos, comics, or 

transcripts can be used to represent a specific instructional situation (Friesen, 2017). 

Such vignettes are sometimes also called representations of practice as they provide 

specific practical classroom scenarios in order to elicit teacher noticing (Stürmer & 

Seidel, 2017). While some research on teacher noticing aims to merely describe what 

teachers notice (Colestock & Sherin, 2015), most studies investigating teacher noticing 

use implicitly or explicitly a normative frame of reference of what teachers should 

notice in order to demonstrate teaching expertise (Stockero & Rupnow, 2017). Our 

project is based on the latter approach, which resonates with an understanding of teacher 

noticing as a key component of teaching expertise that is trainable and can be measured 

(Fernández & Choy, 2019).  
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A common “operational trick” for assessing teacher noticing is to design or select 

representations of practice in a way that in the student-teacher interaction something 

occurs that does not meet the expectations of “good” teaching, that is, they include a 

breach of a norm (Dreher & Kuntze, 2015). As suggested by Herbst and Chazan (2011), 

the notion of a norm is used here “in the sociological sense as the normal or unmarked 

behavior that is tacitly expected in a setting.” The teachers’ reaction in response to such 

a breach of a norm is then used as an indicator for the specific noticing expertise 

(Friesen, 2017). As Herbst and Chazan (2011) pointed out, the way in which the 

vignettes are used to investigate teacher noticing in this case corresponds to the 

ethnomethodological notion of a breaching experiment (Mehan & Wood, 1975).  

In a study by Dreher and Kuntze (2015), for instance, instructional situations were 

represented in which the teacher’s instruction involves an unnecessary change of 

representations that is potentially hindering for students’ understanding, since the 

representations are not linked appropriately. Hence, the instruction by the teacher in the 

classroom situation illustrated by the vignette includes a breach of a norm regarding the 

aspect of mathematical quality of instruction “linking among representations” (e.g., Hill 

et al., 2008). In order to show specific professional noticing, the teachers participating 

in the study were expected to notice this breach of a norm in the sense of indicating that 

they (1) attended to the change of representations and (2) interpreted this change of 

representations as being critical based on their corresponding professional knowledge. 

This makes obvious that norms regarding aspects of instructional quality play a 

double role in teacher noticing research: On the one hand, such norms are assumed to 

influence teacher noticing and on the other hand, such norms also form the frame of 

reference that is already implemented in the operationalization by the researchers. In 

particular, researchers use the consistency of their own norms with what teachers notice 

as an indicator for noticing expertise (Stürmer & Seidel, 2017). Consequently, the 

results of such research on teacher noticing depend on the norms of the researchers. 

Closer inspection therefore reveals that it is not clear whether such research can be 

cross-culturally valid, since corresponding norms may be culture-specific (e.g., Louie, 

2018; Xu & Clarke, 2019). 

 

3. Differences between East Asian and Western perspectives on 

instructional quality in mathematics classrooms 

In international comparative studies such as PISA and TEDS-M, East Asian learners as 

well as teachers have consistently outperformed their Western counterparts regarding 

their mathematical knowledge. Such findings have raised the interest of the scientific 

community in comparing the socio-cultural contexts in mathematics education in East 
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Asian and Western cultures, which has led to a better understanding of typical 

intercultural differences regarding mathematics classrooms. In his search for an East 

Asian identity in mathematics education, Leung (2001) contrasted for instance features 

and their underlying values of East Asian and Western mathematics education by means 

of six dichotomies: product versus process; rote learning versus meaningful learning; 

studying hard versus pleasurable learning; extrinsic versus intrinsic motivations; whole 

class teaching versus individualized learning; and competence of teachers: subject 

matter versus pedagogy. He argued that these distinct characteristics “are based on 

deep-rooted cultural values and paradigms.” Hence, although there is also some 

diversity among Western as well as among East Asian countries (Shimizu, 2017), 

several studies have revealed that conceptions of ideal mathematics instruction differ 

especially between East Asian and Western Countries (e.g., Bryan et al., 2007; Kaiser 

& Vollstedt, 2007), such as Taiwan and Germany.  

While traditional mathematics classrooms in Taiwan are characterized by teacher-

directed, product-oriented and well-organized whole-class teaching focusing on clear 

explanation of the mathematics content (Lin & Li, 2009), ideal mathematics instruction 

in Germany is student-centered and process-oriented (Kaiser & Vollstedt, 2007). In 

particular, this suggests that attending to individual students’ thinking might be an 

aspect of instructional quality that is perceived as being more important in Germany 

than in Taiwan. However, influenced by Western perspectives, Taiwanese curricula 

have been reformed several times since 1993 to emphasize the development of students’ 

mathematical literacy and students-centered instruction (Hsieh, 1997). Consequently, 

what is considered high-quality mathematics instruction in Taiwan today reflects not 

only traditional perspectives, but is also shaped by Western ideas of constructivist-

based instruction, such as discussing students’ solutions as well as focusing on students’ 

thinking and misconceptions (Hsieh et al., 2020; Lin & Li, 2009). 

This situation is also reflected in the findings by Felbrich and colleagues (2014) 

regarding pre-service teachers’ epistemological beliefs concerning the nature of 

mathematics: While in general it was found that in individualistically oriented countries 

pre-service teachers stressed the dynamic nature of mathematics more strongly 

compared to the static nature and for pre-service teachers in collectivistic countries it 

was vice versa, Taiwanese pre-service teachers emphasized both aspects of 

mathematics to the same extent. Nevertheless, the findings of this study still reveal clear 

differences between the Taiwanese and the German pre-service teachers’ beliefs 

regarding the nature of mathematics. In contrast to their Taiwanese counterparts, the 

German pre-service teachers agreed significantly more with the dynamic perspective 

(Mathematics as a process of enquiry, e.g., “In mathematics many things can be 

discovered and tried out by oneself”) than with the static perspective (Mathematics as 
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a set of rules and procedures, e.g., “Mathematics is a collection of rules and procedures 

that prescribe how to solve a problem”). This finding resonates with Leung’s (2001) 

considerations regarding his first dichotomy: He emphasized that although mathematics 

educators from both East Asian and Western countries would say that mathematics is 

both the product (a body of knowledge with distinctive knowledge structure) and the 

process (a distinctive way or process of dealing with particular aspects of reality), their 

positions on the continuum between the two extremes are different: While the 

contemporary Western perspective is that the process of doing mathematics is more 

important than the content arising out of the process, East Asian scholars rather believe 

that ultimately the content and its correctness are fundamental (Leung, 2001). 

 

4. The role of cultural norms for research on teacher noticing  

Research on teacher noticing often depends on the norms of researchers and such norms 

may be culture-specific. Thus, it is not clear whether such research can be cross-

culturally valid. This means that currently cumulative evidence concerning the 

construct of teacher noticing is generated in the international research community (e.g., 

Stahnke et al., 2016) without knowing whether the findings are culture-specific or hold 

true across cultures. Furthermore, there are first studies comparing teacher noticing 

across cultures. An example is the study by Yang and colleagues (2018) which 

compared noticing expertise of teachers in Germany and China by means of a video-

based test instrument that was developed for the German study TEDS-FU. The existing 

tests were translated into Chinese for this purpose and the video vignettes were redone 

by Chinese teachers and their students (Yang et al., 2019). Yang et al. (2018) described 

how this study followed the recommendations for test translations that include adaption 

of test materials as well as judgment of linguistic equivalence of original and translated 

versions (e.g. translation-back-translation procedures, ITC, 2017). However, this study 

is an example for the phenomenon that research in education is often designed from a 

“Western” point of view and then used in other cultural contexts (Clarke, 2013). Clarke 

emphasized that this approach is not without difficulties, since the operationalizations 

which are used to categorize and compare aspects of education are themselves results 

of socio-cultural value systems that shape researchers’ analyses and conclusions. 

Such culture-specific differences regarding researchers’ understandings of central 

constructs are however scarcely focused in educational research. The usual way to deal 

with such differences in international comparative research is to omit culture-specific 

aspects based on the evaluation of experts. Against this background, Clarke (2013) 

argued that international comparative research often sacrifices validity in the interest of 

comparability.  
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Therefore, to investigate teacher noticing in a way that is sensitive to different 

socio-cultural contexts and to explore the role of cultural norms for teacher noticing 

requires to take into account the level of experts in mathematics education (i.e. 

researchers and teacher educators) as a frame of reference. 

 

RESEARCH METHODS 

1. Instruments 

The project investigated expert norm and teacher noticing from three dimensions, 

which are representations, thinking, and tasks. For each dimension, the instrument 

included 6 vignettes. Each vignette represented a breach regarding the dimension it 

belonged to. Regarding mathematics topics, the project chose linear and quadratic 

equations and functions. 

In the following, three vignettes of representations will be displayed to discuss the 

expert norm and the teacher noticing thoroughly, then one vignette of thinking and one 

vignette of tasks will be displayed respectively to exemplify the design of the 

instrument. 

1) Representations 

The represented classroom in these exemplified vignette situations contain a breach of 

a norm regarding how the teacher deals with representations. 

The classroom situation represented in Figure 1 focuses on the introduction of 

solving algebraic equations. The teacher uses an image of a balanced scale with objects 

(of known and unknown weights) on both sides to visualize the equation. Using this 

kind of graphical representation for introducing how to solve equations is described in 

the literature as a classic teaching strategy and common in Germany as well as Taiwan. 

In Figure 3-1, the norm breached is that the teacher just claims that S2 has “divided by 

2 on both sides” without making an explicit connection to what this means in terms of 

a manipulation on the scales. Another indicator for suboptimal connection is that in the 

process of transformations, the teacher writes down merely the new equations, but does 

not display how the objects on the scales change. 

  



 

13 
 

Figure 3-1. The first vignette focusing on representations 

 

 

The classroom situation represented in Figure 3-2 focuses on the activation of prior 

knowledge regarding the first binominal formula with the aim of introducing the 

technique “completing the squares” for solving quadratic equations. To this end, the 

teacher displays a graphical representation of a square that was used in this class before 

for introducing the binomial formula. As reasoned in the theoretical background, in this 

context, the graphical representation is not an autonomous learning goal, but may serve 

as a means for facilitating conceptual understanding of the binomial formula, by 

showing that both terms of the binomial formula are equivalent, since they can describe 

the area of the same square. The norm breached is that it is not explained how the term 

S2 names can be seen in the graphical representation and even more importantly, it is 

not clear how S3 got the second term (symbolic transformation or from the graphical 

representation) and how this can be seen in the graphical representation. 
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Figure 3-2. The second vignette focusing on representations 

 

 

The classroom situation represented in Figure 3-3 focuses on the introduction of 

stretched and compressed parabolas. The teacher uses a dynamic visualization to show 

how the factor a in the functional equation affects the shape of the graph of the function. 

Graphs as graphical representations of functions serve not only as means to facilitate 

conceptual understanding of functions, but are also an autonomous learning goal. In 

particular, in this classroom situation, the students are supposed to learn how the graphs 

of quadratic functions look like depending on the factor a. The breach is that since the 

students merely observed on a phenomenon level what happens to the graph when a is 

varied and the teacher explains what happens in the symbolical representation, but 

explicit connections between the symbolical and the graphical representation regarding 

specific values of x are missing. 
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Figure 3-3. The third vignette focusing on representations 

 

 

The prompt was: please evaluate the teacher’s use of representations in this 

situation and give reasons for your answer. 

2) Thinking 

The represented classroom in this exemplified vignette situation contains a breach of a 

norm regarding how the teacher deals with students’ thinking. In this case: The teacher 

does not address S1’s misunderstanding and inadequate use of strategy (over-

generalizing the strategy applicable in the case “𝑓 × 𝑔 = 0”) properly. 
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Figure 3-4. A vignette focusing on students’ thinking 

 

When the German researchers in our team saw this vignette, they agreed with the 

idea that the teacher should have asked S1 how he or she obtained the answer. However, 

they had problems to see a misunderstanding or an inadequate strategy. We figured that 

these different perspectives on the student’s thinking in this classroom situation may 

not be restricted to our research teams and thus we anticipated underlying cultural 

differences between the perspectives of Taiwanese and German experts in mathematics 

education.  

The prompts was: Please evaluate how the teacher deals with students’ thinking in 

this situation and give reasons for your answer. 

3) Task 

The represented classroom in this exemplified vignette situation contains a breach of a 

norm regarding how the teacher deals with tasks. In this case, the norm breached is that 

the potential of the task to foster students’ flexible thinking is not fully used in this 

classroom situation, since the teacher does not seize the opportunity to discuss the pros 

and cons of different possibilities of assigning unknowns. 

  

Teacher T is reviewing the topic solving quadratic equations a month after its 

introduction. T writes the following task on the blackboard: “Solve the quadratic 

equation  𝑥 + 1 𝑥 = 6.” 

[students work on their own for 1 minute] 

 

S1: I got the answer, it’s 2. 

T: Does anyone else have a different answer? 

S2: My answer is different. 𝑥 can also be −3. 

T: Good! This answer is correct! 

S1: How can you find the second 𝑥? 

[Several students raise the same question.] 

T: First of all, you must be very careful when you see a quadratic equation. Usually it 

has two solutions. In this case, you have to extend the equation [writes 𝑥2 + 𝑥 = 6 

on the blackboar d] and move 6 to the left [ writes 𝑥2 + 𝑥 − 6 = 0]. Now, we can 

solve the equation. How do we usually do this? 
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Figure 3-5. A vignette focusing on tasks 

 

 

The prompts was: Please evaluate the teacher’s use of the task in this situation and 

give reasons for your answer. 

 

2. The participants 

The sample of teacher educators in this report included those from Taiwan and those 

from Germany. A sample of n1 =19 Taiwanese professors (6 female, 13 male) from 10 
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universities and a sample of n2=19 German professors (5 female, 14 male) from 14 

universities completed the survey. Some questions were only answered by roughly 2/3 

of German experts. This is to increase the experts’ willingness to respond to the 

questions. All of them were researchers as well as educators in mathematics education. 

Most of them had also some experience as school teachers and some of them had also 

conducted some research in mathematics. 

The sample of in-service teachers included only those from Taiwan since the data 

from Germany are still in the process of translation. A total of 102 in-service teachers 

from 20 cities participated. Their teaching years ranged from 1 to more than 30 and the 

average of teaching years is 17. 

 

3. Data collection 

This survey was conducted in the native languages of the experts and teachers 

(Chinese/German) via the online tool Unipark (https://www.unipark.com/). The 

necessary translation processes were carried out according to the ITC Guidelines for 

Translating and Adapting Tests (ITC, 2017).  

 

4. Data analysis 

The first stage of data analysis was for the expert norms. The teacher educators’ 

evaluation were analyzed with respect to two main aspects: 1) Did they see some breach 

of a norm regarding the expected dimension? And if so: 2) Which norm was breached 

from their perspective? Hence, in a first step, the answers of the participants were coded 

regarding the question whether the teachers’ use of representation, dealing with 

students’ thinking, or use of task was evaluated as insufficient/inadequate. In a second 

step, the answers were analyzed regarding the question why the teacher’s use or process 

was evaluated negatively in order to infer which norm was breached from the 

perspective of the expert. Whereas the first step was a top-down coding process, the 

second step was partly inductive. For each item, on the one hand, there was a norm 

predefined by the team developing it, which was breached from their perspective. On 

the other hand, we expected especially the experts from the other country may see 

different reasons. Hence, reasons indicating a different norm were also extracted 

inductively from the experts’ answers. 

To allow all team members to engage in the coding process of all experts’ answers 

and to compare them directly across cultures, the answers were translated into English. 

To ensure that the different language versions of the experts’ answers did not result in 

different codlings, all of the versions were included in the coding processes. Moreover, 
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all of the experts’ answers were coded independently twice by all of the authors: In a 

first round, the coding scheme was complemented inductively and in the second round 

the resulting coding scheme was applied to all of the answers. In both rounds, the 

codings were first compared within the national research teams and discrepancies were 

resolved through discussion. Subsequently, the resulting national coding were 

compared and again, in case of discrepancies, a consensus was reached through 

discussion.  

The coding rubric developed through the aforementioned process was then applied 

to the analysis of the in-service teachers’ data.  

 

RESULTS 

1. Representations 

1) Expert norms 

As shown in Table 4-1, regarding the classroom situation represented in the vignette of 

representation 1 (see Figure 3-1), 63% of the 19 Taiwanese expert answers and 75% of 

the 12 German expert answers mentioned negative aspects of the teacher’s use of 

representations. In particular, this means that the rest of the experts evaluated the use 

of representations in an entirely positive way. 

Table 4-1. Numbers of experts in each case for the vignette of “representation 1” 

 Taiwanese experts German experts 

Breach of “original” norm recognized 4 7 

Breach of “alternative” norm 

recognized 

6 4 

Breach of unidentifiable norm 

recognized 

2 0 

No breach of a norm recognized 7 3 

 

The second coding step revealed that 21% of the Taiwanese experts and 58% of 

the German experts saw a breach of the original norm, indicating insufficient 

connection between symbolic and graphical representation. The following shows two 

examples: 

TW Expert 27: The initial representations could express the mathematical 

relationship. However, besides the operations of expressions, 

whether the following operations were conducted first on the 
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image of the scale is unknown. It would be sufficient only if [this 

process] was implemented. 

GER Expert 2_11: [...] The translation of the subtraction from the scale 

model into the algebraic term is done by T and is not explained. The 

solution offered by S2 is explained symbolically by T (divided by 2), 

without explaining how division is understood in the scale model. 

Also, the solution x is 2, is translated to the scale model by T. The 

essential steps are not performed by the S, but by the teacher. It 

can be assumed that the S [students] do not benefit enough from 

the use of the scale model. 

 

In addition to the anticipated norm reflected by the experts’ responses regarding 

the connections between the graphical and the symbolical representation were not 

sufficient, the ideas that the graphical representation itself was not optimal emerged. 

Comparing to German situation, more experts in Taiwan were of code 21. They 

indicated the restriction that this graphical representation does not work for negative 

numbers, that the abstract symbol “x” should be shown after students’ experiencing 

solving the concrete box weight, or that the type of balance to easily show the concept 

of balance. This findings indicated that Taiwanese experts focused more on the product, 

mathematical concepts. The following shows one example. 

TW Expert 27: A very natural initial-level representation. That the 

restriction of x must be a positive quantity is not considered at the 

time, and the students has no doubts that each blue ball weighted 

the same. 

 

Regarding the classroom situation represented in the vignette representation 2 (see 

Figure 3-2), 58% of the Taiwanese expert answers and 67% of the German expert 

answers mentioned negative aspects of the teacher’s use of representations as shown in 

Table 4-2. 
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Table 4-2. Numbers of experts in each case for the vignette of “representation 2” 

 Taiwanese experts German experts 

Breach of “original” norm recognized 4 6 

Breach of “alternative” norm 1 

recognized (limited representations) 

4 2 

Breach of “alternative” norm 2 

recognized (not scaffold) 

3 2 

Breach of unidentifiable norm 

recognized 

1 1 

No breach of a norm recognized 8 4 

 

The second coding step revealed that 21% of the Taiwanese experts and 50% of 

the German experts saw a breach of the anticipated norm (insufficient connection 

between symbolic and graphical representation). The following shows two examples: 

TW Expert 32: When the graphical representation was used, some students 

might not have been able to see the side length of 4X; this part 

might be difficult for some students to understand. Therefore, some 

students might have difficulty understanding (x + 4) ² , and the 

teacher should explain the relationship of the side lengths. 

Furthermore, let students see that both (x + 4)² and x² + 8x + 4² 

represented the area of the figure. Thus, the equation should be 

written to help the students understand the relationship [between 

the two expressions]. 

GER Expert 2_13: The teacher uses an image of an area as a representation 

of an algebraic expression. The S1-S3 recognize two terms and 

determine the equality of the terms. The teacher takes this as an 

expression of understanding. However, the connections between 

term and image are not explicitly made (e.g., for other students), (a) 

where and how the two terms are found in the image, (b) that and 

why they represent sums of areas and (c) WHY they are equal. The 

function of area representations as an explanation of the 

equivalence of terms is not used in the sequence. (Possibly, such 

questions for other students follow after the dialogue shown). 
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In addition to the anticipated norm aforementioned, two other ideas that the 

graphical representation itself was not optimal and that the teaching objective was not 

scaffolded enough emerged, which was indicated by 21% and 16% Taiwanese experts 

respectively. The following example revealed that the Taiwanese expert criticizes that 

the square is not positioned in the standard way which could cause unnecessary 

difficulty for achieving the purpose of activating prior knowledge of the learning of the 

method of completing the square. 

TW Expert 41: The use of representations for activating prior experience 

and knowledge was quite successful. Nonetheless, why was the 

square oblique? This could make the representation difficult to read 

and comprehend. 

 

In the following example, the Taiwanese expert first mentioned that the graphical 

representations itself is not optimal and then suggested an alternative representation to 

better achieve the aim to introduce the method of completing the square. These experts’ 

focus were not on the connections between graphical and symbolic representation, but 

whether or not the representations can help students’ learning of the method of 

completing the square. 

TW Expert 26: Instead of presenting the graphical representation of an 

intact large square in the beginning, the teacher should have 

prepared picture cards that corresponded to the algebraic 

expression. That is, to prepare a square figure of an x square unit, a 

rectangular figure of an 8x unit (or cut it into two 4 x rectangles first 

according to students’ levels), and a square figure of a 4 square unit. 

Then, let the students try to make a large square and observe the 

side length of the large square, as well as compare the square 

assembled with the original algebraic expression. Teaching 

activities of this type could provide a better link with the method 

for completing the square to be introduced later. 

 

Regarding the classroom situation represented in the vignette of representation 3 

(see Figure 3-3), 79% of the Taiwanese expert answers and 67% of the German expert 

answers mentioned negative aspects of the teacher’s use of representations as shown in 

Table 4-3. 
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Table 4-3. Numbers of experts in each case for the vignette of “representation 3” 

 Taiwanese experts German experts 

Breach of “original” norm recognized 11 6 

Breach of “alternative” norm 

recognized 

3 1 

Breach of unidentifiable norm 

recognized 

4 2 

No breach of a norm recognized 4 4 

 

The second coding step revealed that 58% of the German experts as well as 58% 

of the Taiwanese experts saw a breach of the anticipated norm (insufficient connection 

between symbolic and graphical representation). The following shows two examples: 

TW Expert 28: It could be observed from the three students’ reactions that 

their thoughts were still on the visual comparison—the width of the 

parabola opening after they viewed the graphic representation 

displayed on the dynamic geometric platform; but at least they had 

linked the relationship between the magnitude of coefficient a and 

the width of the opening. What the students had not linked yet was 

the relationships among the magnitude of coefficient a, the width 

of the opening, and the magnitude of the function value; thus, the 

teacher should make proper use of the values in the green portion 

of the graph. The teachers’ conclusion skipped to the final line too 

soon and the green function value in the graph was not applied; 

therefore, the students were probably still trapped in the 

impression of the width of the opening. 

GER Expert 2_13: In my opinion, the teacher isn’t sufficiently using the 

possibilities of the used representations and the transitions 

between them in a meaningful didactical way. Although the 

changes of the graphs depending on the parameter a are addressed 

at the beginning, but as soon as he or she has written the 

assignment term on the blackboard, the graphical representation 

does not play a role anymore, because only the effect of the 

multiplication of x^2 with different factors is discussed. In order to 

understand the relationship between the change in the graphs and 

the effect of the factor on the function values, it is essential to 

explicitly investigate several parabola points of the normal parabola 
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with the corresponding points of the changed parabola. Only in this 

way it is possible to establish the notion of "compressing" a 

parabola as "suppressing the y-coordinate from above at a certain 

x-value" or of "stretching" as "pulling up the y-coordinate at a 

certain x-value". This should then necessarily be strengthened by at 

least one other example (each with other values for a) before 

relating the connections between this procedure and the effect on 

the purely symbolic level. The latter should ideally be done by the 

students themselves. 

 

With the exclusion of the vignette of representation 3, in which the graphical 

representations of functions serve not only as means to facilitate conceptual 

understanding of functions, but are also as an learning goal. Regarding the vignettes of 

representation 1 and 2, the Taiwanese experts’ responses revealed that the graphical 

representations are merely a means for scaffolding in the learning process, and they 

don’t pay that close attention to the detailed and stepwise connections between the two 

representations, as shown in the aforementioned examples. 

 

2) Teacher noticing 

Regarding the classroom situation represented in the vignette of representation 1 

(see figure 3-1), 23% of 102 in-service teachers’ responses mentioned negative aspects 

of the teacher’s use of representations, and most of the in-service teachers’ responses 

(79 out of 102) indicated that they evaluated the used of the representations in a more 

positive manner as shown in Table 4-4. 

Table 4-4. Taiwanese in-service teachers and experts’ numbers and percentages in 

each case for the vignette of “representation 1” 

 In-service teachers Experts 

Breach of “original” norm recognized 13(13%) 4(21%) 

Breach of “alternative” norm 

recognized 

10(10%) 6(32%) 

Breach of unidentifiable norm 

recognized 

0(0%) 2(11%) 

No breach of a norm recognized 79(77%) 7(37%) 
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The second coding step revealed that 13% of the in-service teachers recognized 

the breach of the original norm, indicating insufficient connection between symbolic 

and graphical representation. To get some insight into these kinds of in-service teachers’ 

answers, we will now focus on two typical examples: 

TW Teacher 197: […] I suggest to write 2x/2=4/2; x=2 on the blackboard, 

and to observe that there is only one box with a weight of x on the 

left side of the scale, and only 3 balls on the right side. This can also 

allow students to compare the formula to the figure, make 

connections to increase the chance of learning the axioms of 

equivalents to solve linear equations in one variable. 

TW Teacher 203: […] When the ball is eliminated, make a line of formulas 

to fully show the correspondence between the scale and the 

formula, so that students can make a sense of connection, but it 

would be better if you can actually use a real scale to operate. 

 

A total of 10% of in-service teachers’ responses indicated the breach of 

“alternative” norm which revealed that they thought the way of representation of the 

scale should be improved. Some in-service teachers thought that it is better to mark the 

number of grams on the ball, and others think that the picture of the scale is not easy to 

show the sense of the balance, suggesting changing the picture to a simpler style to 

better support students' thinking. The following shows two examples: 

TW Teacher 140: The graphical representation is easier for students to 

understand, so each ball in the diagram should be labelled 1g. 

TW Teacher 169: […] Regarding to this diagram, I feel confusion. Although 

it is a scale, this picture does not give me a sense of balance. There 

are too more interferences, such as the large rectangular box 

underneath. […] Maybe a simpler and more intuitive scale would be 

better. 

 

Only one in-service teacher pointed out the graphical representation does not work 

for negative numbers and more than half of the in-service teachers appreciated this 

representation.  They thought that through operating the graphical representation of 

the scale, students can learn in a natural way. The responses of in-service teachers in 

Taiwan revealed that they are aware the importance of the representation of concrete 

objects could enable students to understand concepts intuitively, and similar to the 

experts in Taiwan who focused more on the product and mathematical concepts, the 
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teachers did not emphasize the connection between concrete and abstract, or graphic 

and algebraic representations in a detailed manner. 

TW Teacher 138: This teacher appropriately used the representation of the 

scale to illustrate the axioms of equivalence. This method is very 

good. 

 

Regarding the classroom situation represented in the vignette of representation 2 

(see figure 3-2), 45% of 102 in-service teachers’ answers and 58% of the experts’ 

responses evaluated negatively on the teacher’s use of representations. Compared with 

the analysis of the vignette of representation 1, the responses of the in-service teachers 

and the experts are similar here as shown in Table 4-5. 

Table 4-5. Taiwanese in-service teachers and experts’ numbers and percentages in 

each case for the vignette of “representation 2” 

 in-service teachers experts 

Breach of “original” norm 

recognized 

26(25%) 4(21%) 

Breach of “alternative” norm 1 

recognized (limited representations) 

16(16%) 4(21%) 

Breach of “alternative” norm 2 

recognized (not scaffold) 

10(10%) 3(16%) 

Breach of unidentifiable norm 

recognized 

2(2%) 1(5%) 

No breach of a norm recognized 56(55%) 8(42%) 

 

The second coding step revealed that 25% of the in-service teachers saw a breach 

of the anticipated norm (insufficient connection between symbolic and graphical 

representation). Some teachers’ responses just pointed out that the connection between 

the graph and the equation is insufficient, while others pointed out more clearly which 

part of the connection was not done well. The following shows two examples: 

TW teacher 210: […] If the teacher explains the connection between the 

graph and the method of completing square more, the students will 

understand better. 

TW teacher 170: […] (3) But the connection between graphical 

representation and " the method of completing square " is too 
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abstract, too fast, and lacks effective bridges for students. The 

teacher should make more use of some of the abilities that students 

are familiar with. 

 

In addition to the anticipated norm aforementioned, two other ideas that the 

graphical representation itself was not optimal and that the teaching objective was not 

scaffolded enough also emerged in the in-service teachers’ responses, which was 

indicated by 16% and 10% teachers respectively. Among them, 8 in-service teachers 

saw not only a breach of the anticipated norm (insufficient connection between 

symbolic and graphical representation) but the alternative norm (limited 

representations). This indicated that when these teachers use the representation in the 

evaluation of the teaching activity, they can simultaneously detect that the graphical 

representation itself is not optimal and that the insufficient connection between the 

graphical representation and symbolic equation. This ability to simultaneously perceive 

different aspects of the problem might allow them to think more comprehensively about 

their own curriculum design. 

To get more insight into these kinds of Taiwanese teachers’ responses, we will 

now focus on two typical examples. The first example revealed that the in-service 

teachers criticized that the square is not positioned in the standard way which could 

cause unnecessary difficulty for achieving the purpose of activating prior knowledge of 

the learning of the method of completing the square. And the second one is the response 

of the teacher who perceives two norms at the same time. 

TW teacher 197: 1. It is a good introduction to use the figure of the sum of 

square formula in the multiplication formula as a warm-up before 

the teaching of the method of completing the square. But why does 

the teacher tilt the figure? The teacher can put it right and make it 

easier for students to observe, and can even ask students a question 

about what kind of geometric figure it is, for instance, is it square or 

rectangle? […]  

TW teacher 194: It is a good way for students to compare the square area 

to the multiplication formula, but it would be better if the figure can 

be squared. In addition, if the teacher also shows the side lengths 

of the purple rectangle (4x) on the graph, the representation will be 

clearer.  
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In the following example, the in-service teacher suggested an alternative 

representation to better achieve the aim to introduce the method of completing the 

square. This kind of response also appeared in the answers of Taiwanese experts. There 

were 10 in-service teachers and 3 experts saw a breach of this alternative norm (not 

scaffold). The focus of these response was not on the connections between graphical 

and symbolic representation, but whether or not the representations can help students’ 

learning of the method of completing the square. 

TW teacher 162: The teacher first uses the distribution law of the 

multiplication formula to obtain the graphical representation of 

four rectangles, which is divided into three kinds of rectangles. Then 

the teacher asks students to express them in algebraic expression 

and use the original figure that the length and width is x+4, 

respectively to sort out the result. If I’m the teacher, I will remove 

the small square at the bottom right after posing the question. And 

then ask students how to assemble the graphic into a complete 

square to introduce the method of completing the square. This is my 

suggestion.  

 

Regarding the classroom situation represented in the vignette of representation 3 

(see Figure 3-3), 33% of the Taiwanese in-service teachers’ responses mentioned 

negative aspects of the teacher’s use of representations which is much less than the 

experts, 79%, as shown in Table 4-6. 

Table 4-6. Taiwanese in-service teachers and experts’ numbers and percentages in 

each case for the vignette of “representation 3” 

 In-service teachers Taiwanese experts  

Breach of “original” norm recognized 19(19%) 11(58%) 

Breach of “alternative” norm 

recognized 

9(9%) 3(16%) 

Breach of unidentifiable norm 

recognized 

7(7%) 4(21%) 

No breach of a norm recognized 67(66%) 4(21%) 

 

The second coding step revealed that 19% of the in-service teachers saw a breach 

of the anticipated norm (insufficient connection between symbolic and graphical 

representation). However, the percentages of the experts mentioned this breach of norm 
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is as high as 58%. Analysing the answers of the teachers, it is found that the teachers 

are not unfamiliar with the use of dynamic visual aids in teaching, and they are fond of 

this representation which they think can improve students’ meaningful learning. 

However, some in-service teachers’ responses show that they ignore to pay close 

attention to the connection between the two representations, and they seemed to think 

that while presenting such dynamic visual representations, these connections could be 

achieved automatically. To get more detail of these kinds of in-service teachers’ 

responses. We will now focus on two examples: 

TW teacher 105: For a fixed x, the increase or decrease of g(x) value 

changes up and down, but the widening or narrowing of the 

parabolic opening seen by the eyes is a horizontal change, and there 

is a lack of connection between the two.  

TW teacher 153: Students can immediately observe the change of the 

graph with the help of dynamic representation. And the green 

segment the teacher marks on the graph can make students feel 

more about the changes of the function value of the quadratic 

function. 

 

In addition to the anticipated norm aforementioned, there are 9% of the in-service 

teachers coded 21. They think the representation is not optimal, and make some 

recommendations. One is to mark the equation next to the graph so that when the 

parabola is dragged, students will immediately know which parabola is. Some teachers 

also mention that the conclusion that "the greater a is, the greater the opening of 

parabola will be" is true with such a representation, but it is not correct when it comes 

to a negative sign. 

TW teacher 134: The representation is very good. The graph can be made 

by GGB. I think it is helpful for students to observe the influence of 

the different quadratic coefficients on the size of the parabola 

opening. If the tool permits, it will be help to mark g(x)=a*x^2 (a 

changes with the slider) in black and f(x)=x^2 in red for students to 

correspond the graph and the equation. (So that the students only 

remember that when a>0, a becomes larger and the parabola 

opening becomes smaller, but cannot correspond to the above 

program). 

TW teacher 207: Such representation is not accurate enough. […] The 

relationship between the width and narrowness of the parabola 

and the value of a does not seem to take into account the situation 
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where a is a negative number. If this part is not clarified at the 

appropriate time, it is easy to become a myth concept. 

 

Comparing the experts and the in-service teachers, the experts relatively concerned 

more about the appropriateness of representations and the connection between different 

representations, while in-service teachers tended to present visual representations in 

teaching, and they tended to use visual representations as an aid to the process of 

understanding concepts, yet the connections between representations were not 

addressed enough. 

 

2. Thinking 

1) Expert norms 

The vignette (see Figure 3-4) was develop by the Taiwan team, and so does the original 

norm “S1’s answer shows a problem to be addressed (misunderstanding/inadequate 

strategy), which was not done adequately by the teacher”. During the coding process, 

the alternative breach of norm emerged from the German experts’ responses, indicating 

cultural differences. The alternative norm was “S1’s answers hint at a valuable 

mathematical ability or strategy, which is not picked up/encouraged/appreciated.”  

The results of expert norm is shown in Table 4-7. The comparison of the number 

of these cases among the experts in Taiwan and Germany presented in the table shows 

clear differences. The majority of the Taiwanese experts actively recognized the breach 

of the norm implemented by the Taiwanese research team. The majority of the German 

experts’ evaluations indicated that they recognized a breach of a different norm 

corresponding to another kind of purpose for attending to students’ mathematical 

thinking in this classroom situation (“mathematical strategy/ability to be valued”). 

Table 4-7. Numbers of experts in each case for the vignette of “thinking” 

 Taiwanese experts German experts 

Breach of “original” norm recognized 11 1 

Breach of “alternative” norm 

recognized 

0 10 

Breach of unidentifiable norm 

recognized 

6 4 

No breach of a norm recognized 2 4 
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Almost all answers (17 out of 19) from Taiwan indicated negative evaluations of 

how the teacher dealt with S1’s thinking, suggesting these experts saw some kind of 

breach of a norm for dealing with students’ thinking. Eleven of these experts’ answers 

also indicated that they assumed that S1’s answer shows a problem to be addressed 

(misunderstanding/inappropriate strategy), which was not done properly by the teacher.  

To get some insight into these kinds of experts’ answers, we will now focus on 

two typical examples. 

TW Expert 36: The teacher allowed two students to propose their answers. 

However, after detecting that one student’s answer was incorrect, 

the teacher did not ask him further, how he got the answer to guide 

him to figure out where the problem is on his own. 

TW Expert 46: […] the teacher gave a correct method, but did not bother 

to find out why student 1 found only one solution. 

Both of these experts criticize that the teacher did not ask S1 how he got his answers, 

indicating that they recognized a breach of a norm for dealing with students’ thinking. 

While, TW2 identified a problem in the fact that S1 found only one solution, TW1 

makes even more explicit that there is a problem to be addressed regarding S1’s 

thinking. 

In view of the answers by the German experts, it became quickly obvious that the 

situation was different: While also most of the German experts saw some kind of breach 

of a norm for dealing with S1’s thinking, only one answer indicated that a problem was 

seen in S1’s thinking that should have been addressed. Instead, different reasons for 

why the teacher should dealt differently with S1’s thinking were mentioned. To provide 

insight into these kinds of answers, we will give three examples. 

GER Expert 1_8: […] The fact that S1 immediately saw a solution in the 

given equation, namely 2, is an expression of number sense or 

structure sense. However, this achievement remains completely 

without recognition by T in this situation. […] 

GER Expert 3_15: The T does not appreciate the achievements of the 

students to find solutions through thinking. However, it is 

appropriate to address other ways of solution as well. 

GER Expert 3_12: The teacher ignores the learners’ abilities to use the 

method of looking closely (or Viéta’s formula). The teacher wants 

the learners to use the standard way of solution via the 

“Mitternachtsformel” or p-q formula. This hinders the development 

of flexible solution strategies by the students. […] 
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Hence, from answers like these, another kind of reason for seeing the teachers’ dealing 

with S1’s thinking as inadequate/insufficient was revealed: S1’s answers hint at a 

valuable mathematical ability or strategy, which should have been appreciated and 

encouraged.  

 

2) Teacher noticing 

The numbers and percentages of the in-service teachers and the experts in 

Taiwan in each case for the vignette of “thinking” presented in Table 4-8. 

Table 4-8. Taiwanese teachers and experts’ numbers and percentages in each case for 

the vignette of “thinking” 

 In-service teachers Experts 

Breach of “original” norm recognized 31(30%) 11(58%) 

Breach of “alternative” norm recognized 5(5%) 0(0%) 

Breach of unidentifiable norm recognized 22(22%) 6(32%) 

No breach of a norm recognized 44(43%) 2(11%) 

 

In-service teachers in Taiwan generally thought that it is important to understand 

students’ thinking. More than half responses (58 out of 102) from the in-service teachers 

indicated negative evaluations of how the teacher dealt with S1’s thinking, suggesting 

these teachers saw some kind of breach of a norm for dealing with students’ thinking. 

A total of 30% of these teachers’ noticed the breach of the original norm set in this 

vignette, indicating that they assumed that S1’s answer shows a problem to be addressed 

(misunderstanding/inappropriate strategy), which was not done properly by the teacher.  

One thing worth mentioning is that, a total of 28 teachers (27%), regardless of 

noticing the breach, mentioned the situation of "review," thinking that although students 

have already taught, they still confused about the number of solutions to quadratic 

equations in one variable. This shows that students are unfamiliar with the concept and 

the teacher should strengthen their understanding of the concept instead of repeating 

the standard problem-solving procedure.  

To get some insight into these kinds of Taiwanese teachers’ responses, we will 

now focus on four typical examples. 

TW Teacher 85: When the S1 found 2 be the answer of the equation, the 

teacher did not ask S1 how to find it. […] It would be better if the 
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teacher can listen more to students' thoughts, understand what 

they see, and have follow-up guidance.  

TW Teacher 211: In the process of solving the quadratic equation in one 

variable, the teacher did not ask S1 for the idea of getting the 

answer. I think S1 may come from factoring 6 to get 3 multiplied by 

2, and just get the answer of 2. […]  

TW Teacher 53: This is a month after teaching the solution to the quadratic 

equation in one variable. Teacher shouldn’t ask students for 

different answers. This should already be a consensus among 

students. However, the question raised by S1 means that students 

didn’t learn well. […]  

TW Teacher80: […] The teacher has already taught how to solve the 

quadratic equation in one variable. This is a review section after one 

month, however, there are still some students who don’t know how 

to get the two solutions. It is obvious that the concept has not been 

established, but the teacher only focuses on solving the problem 

and does not strengthen the concept.  

In the first two examples, the two teachers criticized that the teacher did not ask S1 how 

he got his answers, indicating that they recognized a breach of a norm for dealing with 

students’ thinking. While, they both identified a problem in the fact that S1 found only 

one solution, TW Teacher 85 made even more explicit that the teacher should listen to 

students’ thinking. TW Teacher 53 and 80 are examples that they thought that the 

students used trial and error to solve the equation in the review course, showing that the 

students have not acquired the concept of problem-solving. The teacher should 

strengthen the students' conceptual understanding instead of repeating the standard 

problem-solving procedure. 

Compared to the phenomenon that none of the Taiwanese experts got the code 21, 

a total of five Taiwanese in-service teachers thought that the students’ method of trial 

and error was a mathematical method that deserves appreciated. To provide insight into 

this kind of answers, we will give the fallowing example: 

TW Teacher 212: […] students found part of solutions by observation or 

substitution […] the teacher can then lead the students to try 

numbers by substitution, for example, simply decompose 6 into 1 

time 6, 2 times 3, or -1 times -6… etc. After all, the substitution 

method is also a way to solve the problem that cannot be ignored. 

[…]  
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3. Tasks 

1) Expert norms 

As shown in Table 4-9, regarding the classroom situation represented in the vignette of 

tasks (see Figure 3-5), 95% of the 19 Taiwanese expert answers and 88% of the 17 

German expert answers mentioned negative aspects of the teacher’s use of tasks. In 

particular, this means that the rest of the experts evaluated the use of representations in 

an entirely positive way. 

Table 4-9. Numbers of experts in each case for the vignette of “task” 

 Taiwanese experts German experts 

Breach of “original” norm recognized 15 12 

Breach of “alternative” norm 

recognized 

8 9 

Breach of unidentifiable norm 

recognized 

2 0 

No breach of a norm recognized 1 2 

 

The second coding step revealed that 79% of the Taiwanese experts and 71% of 

the German experts saw a breach of the original norm, indicating insufficient use of the 

teacher in the vignette, such as not seizing the opportunity to discuss the pros and cons 

of the different possibilities of assigning unknown, not connecting the two approaches 

to show the equivalence of the ways of solving, or not following or dealing with 

students’ assigning unknowns. The following shows two examples: 

TW Expert 24: […] At this time, [the teacher] should allow students to do 

the calculation for both simultaneous equations, then the students 

could really realize that the first simultaneous equations was easier 

to solve than the second simultaneous equations. 

GER Expert 1_17: [...] The teacher wants to show his/her students that the 

setting of variables in such tasks is not determined by the task. In principle, 

the variables can be defined arbitrarily, as long as this makes sense for 

the solution of the task and the variables are used consistently. By 

notating the alternative, the teacher makes it clear what another solution 

approach might look like. However, it would make sense to solve both 
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approaches with the different variable definitions and then to reflect on 

the contentual equivalence of the solutions. 

 

In addition to the anticipated norm reflected by the experts’ responses regarding 

the teachers’ use of tasks were not sufficient, the ideas that the instruction is too teacher-

oriented emerged, for example, claiming one approach is better, starting problem 

solving by him/herself without giving students chance to think or try. The following 

shows two examples: 

TW Expert 50: The teacher tended to teach directly by first using one single 

method to solve a problem. When students asked a question, [the 

teacher] should first acknowledge the value of the student’s 

question and then modify the teaching strategy.. 

GER Expert 1_6: [...] Furthermore, the teacher ś share of the conversation 

is quite big. Much more (different) students should necessarily 

contribute in order to get a deeper insight into the learner ś level of 

understanding and their difficulties. Student-student dialogues 

should be be stimulated in order to figure out the core problem (in 

the sense of a diagnosis/diagnostic conversation). 

 

Generally speaking, the experts from the two countries did not perform differently 

on this vignette of tasks. 

 

2) Teacher noticing 

As shown in Table 4-10, different from the situation of Taiwanese experts, a higher 

percentage of the in-service teachers (29%) did not recognized the breach of norm in 

the vignette, that is, they did not see the insufficiency of the teacher’s use of the tasks. 

Furthermore, a higher percentage the experts (79%) recognized the original norm, 

including not seizing the opportunity to discuss the pros and cons of the different 

possibilities of assigning unknown, not connecting the two approaches to show the 

equivalence of the ways of solving, or not following or dealing with students’ assigning 

unknowns, while only about half of the in-service teachers did it (47%). On the contrary, 

comparing to the situation of the experts, a higher percentage of the teachers recognized 

the alternative norm by indicating the instruction is too teacher-oriented. The 

phenomenon indicated that the in-service teachers emphasized more on the teaching 

method rather than the sufficient use of the tasks. 
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Table 4-10. Taiwanese teachers and experts’ numbers and percentages in each case 

for the vignette of “tasks” 

 In-service teachers Experts 

Breach of “original” norm recognized 48(47%) 15(79%) 

Breach of “alternative” norm 

recognized 

52(51%) 8(42%) 

Breach of unidentifiable norm 

recognized 

8(8%) 2(11%) 

No breach of a norm recognized 30(29%) 1(5%) 

 

One thing worth mentioning is that a total of 23 in-service teachers (23%), 

regardless of recognizing the breach, presented the idea regarding appreciating various 

solutions and allowing students to choose the one they endorsed. The following shows 

an example: 

TW Teacher 140: […] Thinking more about simple calculation is not the 

objective of mathematics teaching. Both methods of setting 

unknowns work actually. Allow students to see that different 

methods of setting unknowns can get the same answer, then the 

true value of mathematics instruction can be shown. 

 

CONCLUSION AND DISCUSSION 

Regarding the comparison of expert norms between the two countries, cultural 

differences revealed. For representations, two phenomena can be distinguished. 

Regarding the situations in which graphical representations are not only means to learn 

mathematical concepts but also the content to be learnt, the expert from both countries 

emphasized the connections between the graphical and symbolic representations. 

However, in the situations where graphical representations function as supports for 

learning concepts or skills, different from German experts who still focused on the 

connections between representations, Taiwanese experts often criticized the 

insufficiency of the representation itself in terms of helping learning. This findings 

indicated that Taiwanese experts focused more on the product, mathematical concepts. 

For student thinking, the experts from the two countries also revealed cultural 

differences. Though the two cohorts both indicated the teachers’ insufficiency about 
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dealing with student thinking, the German experts emphasized the value of student 

thinking and indicated that the teacher should appreciate and encourage it. For tasks, 

the experts from the two countries presented similar ideas. 

Regarding the comparison of expert norms and teacher noticing in Taiwan, for 

representations, a much higher percentage of in-service teachers did not recognize the 

breaches in the two of the three vignettes. They appreciated the use of concrete 

representations and dynamic representations to support the learning of mathematical 

concepts. Unlike the experts, whose degree of emphasizing the connections between 

graphical and symbolic representations depended on whether the graphical 

representation is also the learning objective, the teachers seemed consistent address the 

connections insufficiently. For student thinking, comparing to the experts, a higher 

percentage of the in-service teachers did not recognize the breach in the vignette. 

Instead, 28% of the teachers mentioned about not understanding why students still not 

know the equation has two solutions and criticize the possible problem of previous 

instruction. For tasks, comparing to the experts, the in-service teachers emphasized 

more on the teaching methods than the use of the tasks. They cared more about whether 

the instruction is too teacher-directed, while the experts criticized more on the teacher’s 

insufficient use of the tasks for not seizing the opportunity to discuss the pros and cons 

of the different possibilities of assigning unknown. Regardless of recognized the breach 

of norm, a total of 23% in-service teachers thought that a teacher should appreciate 

various solutions and allow students to choose the one they endorsed. 

Though the project ended, the analysis regarding the comparison with German 

teacher noticing will keep on-going.  
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效益事項等，請以文字敘述填列。）　　

成果項目 量化 名稱或內容性質簡述

科
教
國
合

測驗工具（含質性與量性） 0

課程/模組 0

電腦及網路系統或工具 0



司
計
畫
加
填
項
目

教材 0

舉辦之活動/競賽 0

研討會/工作坊 0

電子報、網站 0

計畫成果推廣之參與（閱聽）人數 0


