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中 文 摘 要 ： 本研究主要目標為研究神經網路的動態行為。我們採用一系列的分
叉手法以了解可能潛在的動態行為。特別針對Hopf curve line和
fold curve line相交處的行為進行了模擬。也發現了一些有趣的現
象。例如︰行進波的數個波形。本研究對於腦動力學有很重要的影
響。

中文關鍵詞： 神經元、分叉、延遲系統

英 文 摘 要 ： The goal of this study is to study the dynamical behavior
of neural networks. We apply a series of bifurcation
techniques to understand potentially dynamical behavior.
Specifically, the behaviors near the intersection of Hopf
curve line and fold curve line were simulated. Some
interesting phenomena have also been discovered. For
example: several patterns of the traveling wave. These
results have very important impacts on brain dynamics.

英文關鍵詞： brain dynamics, bifurcations, delay systems
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Abstract

We explore the existence of travelling wave solutions for diffusive Hindmarsh-

Rose-type (dHR-type) equations with recurrent neural feedback (RNF) from

the point of view of bifurcation theory. Our model possesses two additional

terms. One is a diffusion term for the conduction process of action potentials.

The other is a delay term that is introduced by the fact that a neuron excites a

second neuron which in turn excites or inhibits the first neuron. For studying

the existence of travelling wave solutions, we show the existence of a heteroclinic

orbit of a three-dimensional vector field for the dHR-type equations with RNF

near a fold-Hopf bifurcation with the help of center manifold reduction and a

normal form method. Finally, numerical simulations are presented.

Keywords: Hindmarsh-Rose-type equations, Heteroclinic orbits, Travelling

wave solutions, fold-Hopf bifurcation

1. Introduction

To understand the behavior of neurons with some spatial information and

recurrent neural feedback, it is important to clarify the behavior of reduced

neuronal models. To begin, we introduce the Hindmarsh-Rose (HR) model [1]

which is a reduced model of the Connor-Stevens model [2, 3] and was first imple-5
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mented in the 1980s. The Connor-Stevens model, an alternative generation of

the classical four-dimensional Hodgkin-Huxley model [4], contains fast sodium,

delayed rectifier potassium, leakage, and additional potassium conductance (i.e.,

the transient A-current). The HR model [1], which captures certain generic fea-

tures of the Connor-Stevens model, is a simple three-degree polynomial model10

of bursting in thalamic cells. In 1989, Rose and Hindmarsh [5] simplified the

Connor-Stevens model into a two-dimensional Hindmarsh-Rose (2DHR) model

by a transformation of variables. Furthermore, with the addition of a slow vari-

able, the two-dimensional HR model was extended to a three-dimensional HR

model to obtain a description of bursting [1], thalamic neurons [5] and repetitive15

firing [6] with detailed ionic currents, where repetitive firing is primarily induced

through quadratic recovery. From the viewpoint of physiological meaning, the

bursting neurons of the pond snail Lymnaea [7, 8, 9, 10, 11] can be mimicked

by the HR model. Three types of complex multimodal oscillations( homoclinic

systems, bursting, and the Pomeau-Manneville intermittency) were studied by20

Wang [12] in 1993. In 1999, Raghavachari [13] initiated diffusively coupled burst-

ing cells based on a 3D Hindmarsh-Rose model, and studied their dynamics in

a planar reaction-diffusion equation on a fast subspace and then carried it over

to the full model for a description of the phenomenon of neuronal bursting with

a weak resistive coupling between neighboring cells. This situation is observed25

in the study of bursting activity in the β-cell islets of the pancreas. In 2007,

Tsuji [14] initiated a 2DHR type model that preserves both a time-scale param-

eter and the first component of vector fields for the FitzHugh-Nagumo [15, 16]

(FHN) model and exhibited that the model has properties of both Class 1 and

Class 2 neurons. We [17] further showed analytically the number and stability30

of equilibrium points and some codimension-one and codimension-two bifurca-

tions of the 2DHR type model, and the neurophysiological features of the model

with spike-and-reset conditions. Thus far, these research studies have made the

dynamics of the HR neural system without delay to be further understood.

Neural feedback is very common in the vertebrate nervous system, and a35

type of feedback is described as follows. A model consists of two nerve cells:
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one with a large size and the other with small size. The large nerve cell fires

action potentials that travel down its axon. This axon branches, and one branch

excites the small nerve cell, which is located near the large cell. The synapses of

the small nerve cell impinge on the large nerve cell and either excite or inhibit40

it. Plant [18] calls the process of coupled nerve cells recurrent synaptic feed-

back and models the synaptic interaction with a synaptic and conduction delay.

Because of the transmission of information among the coupled nerve cells, it

is interesting to study the dynamics of a continuum coupled HR type equation

with recurrent neural feedback (RNF). Deng [19] studied the FHN equations45

of the bistable type and found traveling impulse and traveling train solutions.

Buric [20] studied small lattices of N nearest-neighbor coupled excitable FHN

systems. The control of a wide array of cellular processes [21, 22] could be

applied to describe the dynamics of the calcium inside the cells. To study the

travelling wave solutions for the reduced neuronal model with spatial informa-50

tion and RNF, we introduce the fold-Hopf (FH) bifurcation. The fold bifurcation

leads to a change in the stability properties of the solution under parameter per-

turbations, while the Hopf bifurcation leads to the emergence of periodic orbits

or limit cycles. An FH point is the intersection of the fold and Hopf bifurcation

curves obtained by varying two parameters, which is a codimension-2 prob-55

lem. The FH bifurcation was first independently studied by two researchers,

Gavrilov[23] and Guckenheimer [24]. The bifurcation occurs when a zero and a

pair of purely imaginary roots are both eigenvalues. Therefore, the bifurcation

can be called the Gavrilov-Guckenheimer bifurcation, zero-Hopf bifurcation or

saddle-node Hopf bifurcation. The FH bifurcation is widely applied in many60

fields such as ecosystems [25] and networks [26]. Ma [27] applied the FH bi-

furcation to study the complex bursting-spiking modes for the Hindmarsh-Rose

model with a time delay. Zhen [28] had reported that the FHN neural system

with delayed coupling possesses almost periodic motion and bursting behavior

in the signal transmission between the neurons with a bifurcation parameter of65

the time delay. However, there are few studies in the literature that report the

HR-type model with a spatial structure and RNF. Therefore, we aim to study
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the travelling wave solution for the model.

In this paper, we extend the HR model [6, 14, 17, 29] to a model with RNF

and spatial information. This model can also be thought of as a population in70

the brain or a cortical column. It has a coupling structure in the sense of infinite

sets. The paper is organized as follows. In Sec. 2, we introduce a continuum

coupled HR-Type model and reduce it to a delayed ODE model. The solutions of

the characteristic equation of the delayed ODEs are computed. The conditions

for the FH bifurcation are derived by analyzing the roots of the characteristic75

equation for the linearization of the delayed ODEs. The transversal conditions

for different parameters are contributed. In Sec. 3, we perform the Gavrilov-

Guckenheimer bifurcation and show the existence of a heteroclinic orbit. In

Sec. 4, numerical simulations for the trajectories in phase space are given. We

also provide the parameter domain in which the FH bifurcation occurs. Finally,80

the conclusions are obtained in Sec. 5.

2. A continuum coupled Hindmarsh-Rose Type Model

Let us consider the following continuum coupled Hindmarsh-Rose type model

with RNF:

vt(x, t) = c

(
k1v(x, t)−

v(x, t)3

3
+ k2v(x, t− τ)

−w(x, t) +Dvxx(x, t) + I) , (1)

wt(x, t) =
(
v(x, t)2 + dv(x, t)− bw(x, t) + a

)
/c, (2)

where x is a real spatial variable, t represents time, and the variable v [resp. w]85

denotes the cell membrane potential [resp. a recovery variable]. The parameter

D, which has the same meaning as that in Ref. [30], is the strength of diffusive

coupling. The parameter k2 is positive for excitatory feedback and negative for

inhibitory feedback, with the strength of the feedback given by the magnitude

of k2. The parameter I [resp. c] represents an injected current [resp. the time90

scale] and the remaining parameters b, d, τ and k1 are constants. The parameter

a is a constant. In mathematics, the continuum hypothesis was advanced by
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Georg Cantor in 1878, about the possible sizes of infinite sets. We assume that

the parameter I is zero since the effect of the parameter I is similar that of the

parameter a [17], and k1 + k2 = 1.95

To explore the existence of travelling wave solutions for Eqs. (1) and (2),

we set v(x, t) = v(x + st) = v(t), w(x, t) = w(x + st) = w(t) and v(x, t − τ) =

v(x+s(t−τ)) = v(t−sτ), where s represents the wave speed. By the chain rule,

we obtain vt = sv̇, vxx = v̈ and wt = sẇ, where the dot denotes differentiation

with respect to the new variable t ≡ x + st. We set u = v̇ and substitute it in100

Eqs. (1) and (2). The symbol t is replaced by the symbol t for simplification.

A system of ordinary differential equations (ODEs) is derived as follows:

v̇(t) = u(t), (3)

u̇(t) =
1

D

(
s

c
u(t)− k1v(t) +

v(t)3

3

−k2v(t− sτ) + w(t)) , (4)

ẇ(t) =
1

sc

(
v(t)2 + dv(t)− bw(t) + a

)
. (5)

Let us impose the two-point boundary conditions as follows:

lim
t→±∞

(v(t), u(t), w(t)) = (v±0 , u
±
0 , w

±
0 ), (6)

where (v±0 , u
±
0 , w

±
0 ) represents two equilibrium points and u±0 is obviously zero

by Eq. (3). In other words, the solutions for the two-point boundary value

problem are heteroclinic orbits. Here, the problem of finding travelling wave so-105

lutions of Eqs. (1) and (2) becomes that of finding heteroclinic orbits of Eqs. (3)-

(5). Observe that a heteroclinic orbit corresponds to a travelling wave solution.

These solutions are of special importance in neuroscience [31] and have been

analyzed using several different methods [32, 33].

To solve the boundary value problem, the existence of the equilibrium points

(v0, u0, w0) must be discussed. Since two values, v0 and w0, are satisfied with

both the relation w0 = v0 − v30/3 by the nullcline of Eq. (4) and the relation

v20 + dv0 − bw0 + a = 0 by the nullcline of Eq. (5), we conclude that

h(v0) = 0, (7)
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where h(v0) = bv30/3 + v20 + (d− b)v0 + a. Therefore, the problem of solving an

equilibrium (v0, u0, w0) for Eqs. (3)-(5) is equivalent to the problem of solving

a zero v0 of the equation h. For a fold bifurcation, the necessary condition is

that the equation

h′(v0) = bv20 + 2v0 + (d− b) = 0. (8)

It follows from Eqs. (7) and (8) that110

bv30/3 + v20 + (d− b)v0 + a−
(
bv20 + 2v0 + (d− b)

) v0
3

=
1

3

(
v20 + 2(d− b)v0 + 3a

)
(9)

= 0.

By Eqs. (8) and (9), we obtain

b(v20 + 2(d− b)v0 + 3a)− (bv20 + 2v0 + (d− b))

= [2b(d− b)− 2] v0 + (3ab− d+ b) (10)

= 0.

Therefore, if a fold bifurcation occurs, there exists a double root

v0 =
1

2
× 3ab− d+ b

1 + b2 − bd
. (11)

After evaluating the double root (11), we deduce its third root,−(3 + 2bv0)/b,

by Eq. (7). The third root can also have the form −3a/(bv20). Note that there

exists a triple root, −1/b, for Eq. (7) if 1 + b2 − bd = 0. Because h′(v0) = 0, the115

condition of the existence of the fold bifurcation is as follows:

(SN±) a =
1− 3(b2 − bd+ 1)± 2

√
(b2 − bd+ 1)

3

3b2
.

Therefore, if Condition (SN±) holds, then two zeros of Eq. (7), v0 and −(3 +

2bv0)/b, can be evaluated and the zeros correspond to the first component of

equilibria (v0, u0, w0) with u0 = 0 and w0 = v0 − v30/3 for the system at a fold120

bifurcation.

To analyze the eigenvalue of the system (3)-(5), we evaluate its characteristic

equation. To move an equilibrium to the original point, we consider that v →
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v − v0, u→ u and w → w − w0. Eqs. (3)-(5) can be transformed as follows:

v̇(t) = u(t), (12)

u̇(t) =
1

D

[s
c
u(t) +

(
v20 − k

)
v(t) + (k − 1)v(t− sτ)

+w(t)] +
1

D

(
1

3
v(t)3 + v0v(t)

2

)
, (13)

ẇ(t) =
1

sc
[(2v0 + d) v(t)− bw(t)] +

1

sc
v(t)2. (14)

The associated characteristic equation of Eqs. (12)-(14) is

det


−λ 1 0

A+Be−λsτ M − λ P

G 0 H − λ

 = 0,

where A = (v20 − k)/D, B = (k − 1)/D, H = −b/(sc), G = (2v0 + d)/(sc),

M = s/(Dc) and P = 1/D. The characteristic equation can be simplified as

follows.

Υ(λ) = 0, (15)

where Υ(λ) = Υ0(λ) +Υ1(λ)e
−λsτ , Υ0(λ) = λ3 + a2λ

2 + a1λ+ a0 and Υ1(λ) =

b1λ + b0 with a0 = AH − GP , a1 = HM − A, a2 = −H −M , b0 = BH and

b1 = −B. To study the FH bifurcation for Eqs. (12)-(14) with τ ̸= 0, we analyze

its characteristic Eq. (15). If we set λ = 0 in Eq. (15), the fold bifurcation can

occur when a0+b0 = AH−GP +BH = 0. Since AH−GP +BH = −[d+2v0+

b(v20 − 1)]/(cDs), the fold bifurcation can occur when bv20 + 2v0 + (d − b) = 0

with cDs ̸= 0 which is the same as in Eq. (8). In other words, Condition (SN±)

holds. Since

d

dλ
Υ(λ) = 3λ2 + 2λa2 + a1 + (b1 − λsτb1 − sτb0)e

−λsτ ,

λ = 0 is a single root with both τ ̸= (a1 + b1)/(sb0) and a0 + b0 = 0. Let125

λ = ±iω, ω > 0 be a pair of purely imaginary roots of Eq. (15). Then, we have

equations as follows.

b0 cosωsτ + b1ω sinωsτ + (a0 − a2ω
2) = 0, (16)

b1ω cosωsτ − b0 sinωsτ + a1ω − ω3 = 0. (17)
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Therefore, it follows from Eqs. (16) and (17) that

cosωτ̂ = −
b1ω

(
a1ω − ω3

)
+ b0

(
a0 − a2ω

2
)

b21ω
2 + b20

, (18)

sinωτ̂ =
ω
(
a2b1ω

2 + a1b0 − a0b1 − b0ω
2
)

b21ω
2 + b20

, (19)

where τ̂ = sτ . It follows from Eqs. (18) and (19) that

P6(ω) = 0, (20)

where P6(ω) = ω6 + p2ω
4 + p0ω

2 + (a20 − b20) with p2 = a22 − 2a1 and p0 =

a21 − 2a0a2 − b21. Because a0 + b0 = 0, the FH bifurcation can occur when130

P4(ω) = 0, where

P4(ω) = ω4 + p2ω
2 + p0. (21)

Solving the zeros of Eq. (21), we have

ω2
± =

1

2

(
−p2 ±

√
p22 − 4p0

)
. (22)

Therefore, we obtain the following lemma.

Lemma 2.1. Assume that a0 + b0 = 0. Let

(H1) p0 < 0,

(H2) p0 > 0, p2 < 0, p22 > 4p0.135

We obtain the following results for Eq. (15): if Condition (H1) holds and τ̂ = τ+n ,

then Eq. (15) has a pair of purely imaginary roots ±iω+; if Condition (H2) holds

for τ̂ = τ+n (resp. τ̂ = τ−n ), then Eq. (15) has a pair of purely imaginary roots

±iω+ (resp. ±iω−); if neither (H1) nor (H2), and τ̂ > 0, then Eq. (15) has no

purely imaginary root.140

By the lemma, the zeros of the characteristic Eq. (15) have a purely imaginary

pair of eigenvalues, λ = ±iω and a simple zero eigenvalue, λ = 0, at τ̂ = τ0,

where τ0 is a solution of Eqs. (18) and (19).
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Remark. The zeros of Eq. (20) with a0+ b0 = 0 have been discussed. Here,

we give a general result [34, 35, 36, 37] about the zeros of Eq. (20) without145

a0 + b0 = 0. Let G(ω2) = P6(ω) and the symbols ζ1, ζ2 and ζ3 be as follows.

ζ1 = −3q2 + q21 ,

ζ2 = −q2q21 − 3q1q3 + 4q22 ,

ζ3 = 4q31q3 − q21q
2
2 − 18q1q2q3 + 4q32 + 27q23 ,

where q1 = a22 − 2a1, q2 = a21 − 2a0a2 − b21 and q3 = a20 − b20. By the Sturm

criterion, we can know the number of zero solutions. The number of real roots

ω2 of G can be classified into the four cases (CP.1)-(CP.4):

(CP1) Let q1 > 0 and q3 > 0. Then G(ω2) has two real roots provided that150

ζ1 > 0, ζ2 > 0, ζ3 < 0; otherwise, it has no real roots.

(CP2) Let q1 > 0 and q3 < 0. Then G(ω2) has one real root.

(CP3) Let q1 < 0 and q3 > 0.

(a) If (1) ζ1 > 0, ζ2 < 0, or (2) ζ1 > 0, ζ2 > 0, ζ3 < 0, or (3) ζ1 < 0,

ζ2 < 0, ζ3 > 0, then G(ω2) has two real roots.155

(b) If ζ2 > 0, ζ3 > 0 or ζ1 < 0, ζ3 < 0, then G(ω2) has no real roots.

(CP4) Let q1 < 0 and q3 < 0.

(a) If ζ1 > 0, ζ2 < 0 and ζ3 < 0, then G(ω2) has three real roots;

(b) Otherwise, G(ω2) has one real root.

Next, let us consider the sign of the derivative of an eigenvalue λ with respect160

to τ . We can obtain the following equation:

{
3λ2 + 2a2λ+ a1 + [b1 − sτ (b1λ+ b0)] e

−λsτ
} dλ
dτ

= sλ(b1λ+ b0)e
−λsτ . (23)
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Therefore, [
dλ

dτ

]−1

=
3λ2 + 2a2λ+ a1
sλ(b1λ+ b0)e−λsτ

+
b1 − sτ(b1λ+ b0)

sλ(b1λ+ b0)

=
−(3λ2 + 2a2λ+ a1)

sλ(λ3 + a2λ2 + a1λ+ a0)

+
b1

sλ(b1λ+ b0)
− τ

λ
, (24)

where the last equality follows from Eq. (15); in other words,

(b1λ+ b0)e
−λsτ = −(λ3 + a2λ

2 + a1λ+ a0).

Let λ be a purely imaginary iω. Therefore,

sign

{
d(Reλ)

dτ

}
λ=iω

= sign

{
Re

[
dλ

dτ

]−1
}

λ=iω

= sign

{
Re

[
−(3λ2 + 2a2λ+ a1)

sλ(λ3 + a2λ2 + a1λ+ a0)

+
b1

sλ(b1λ+ b0)
− τ

λ

]}
λ=iω

= sign {s} × sign

{
2a22ω

2 − 4a1ω
2 + a21 − 2a0a2 + 3ω4

a21ω
2 − 2a0a2ω2 + ω4 (a22 − 2a1 + ω2) + a20

− b21
b21ω

2 + b20

}
It follows from Eq. (20) that

a21ω
2 − 2a0a2ω

2 + ω4
(
a22 − 2a1 + ω2

)
+ a20 = b21ω

2 + b20.

sign

{
d(Reλ)

dτ

}
λ=iω

= sign {s} × sign

{
3ω4 + 2p2ω

2 + p0
b21ω

2 + b20

}
= sign {s} × sign

{
3ω4 + 2p2ω

2 + p0
}

= sign {s} × sign
{
a22 − 2a1 + 2ω2

}
(25)
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With the computation as follows, we can obtain Eq. (25).165

ω2(3ω4 + 2p2ω
2 + p0)

= 3ω6 + 2p2ω
4 − ω6 − p2ω

4

= ω4
(
p2 + 2ω2

)
= ω4(a22 − 2a1 + 2ω2) (26)

Let λℓ,n(τ) = αℓ,n(τ)+ iωℓ,n(τ) with ℓ = “−”or“+” and n = 0, 1, 2, · · · , where

the root of Eq. (15) satisfies α−,n(τ
−
n ) = 0, ω−,n(τ

−
n ) = ω− and α+,n(τ

+
n ) =

0, ω+,n(τ
+
n ) = ω+. If τ+n and τ−n are bifurcation values, then we must verify

that the transversality conditions hold. By Eqs. (22) and (25), two transversal

conditions are obtained as follows:170

(T) sign {s} sign
{
dReα−,n(τ

−
n )

dτ

}
= −sign

{√
p22 − 4p0

}
< 0,

sign {s} sign
{
dReα+,n(τ

+
n )

dτ

}
= sign

{√
p22 − 4p0

}
> 0.

As an example, we list several FH points in Table (1) when the parameters vary

in τ .

Insert Table (1) here.175

Lemma 2.2. If Condition (SN±) and Condition (H1,2) with transversal condi-

tions a1 + b1 − sτ±b0 ̸= 0, a22 − 2a1 + 2ω2 ̸= 0 hold, the system (12)-(14) can

undergo an FH bifurcation at the origin.

3. Center Manifolds and Normal Form Analysis

Let the phase space C = C([−τ, 0],R3) be the Banach space of continuous

functions from [−τ, 0] to R3 with the supremum norm ∥ϕ∥ = sup−τ≤θ≤0 |ϕ(θ)|

for ϕ ∈ C. Let t and µ denote the transpose and parameters, respectively. For

ϕ = (ϕ1, ϕ2, ϕ3)
t ∈ C, an operator Πµ is defined as

Πµϕ =

 dϕ(θ)/dθ, if θ ∈ [−τ, 0),

Lµϕ, if θ = 0,

11



where ηµ(θ) is a 3×3 matrix-valued function of bounded variation in θ ∈ [−τ, 0]

with

dηµ(θ) =


0 δ(θ) 0

Aδ(θ) +Bδ(θ + τ) Mδ(θ) Pδ(θ)

Gδ(θ) 0 Hδ(θ)

 dθ,
δ(θ) is the Dirac function, and Lµ is a family of bounded linear operators in

C → R3. By the representation theorem,

Lµ(ϕ) =

∫ 0

−τ

dηµ(θ)ϕ(θ), for ϕ ∈ C([−τ, 0],R3).

The system of Eqs. (12)-(14) is represented by a simple notation as follows.

d

dt
χt(0) = Lµ(χt) + (F (χt, µ)− Lµ(χt)) , (27)

where χt = χt(θ) = χ(t + θ), −τ ≤ θ < 0. We remark that the right part of180

Eq. (27) is represented as one linear part and one nonlinear part. Let the phase

space C∗ = C([0, τ ],R3∗) be the Banach space of continuous functions from

[0, τ ] to R3∗ with the supremum norm, and the formal duality ⟨·, ·⟩ in C∗ ×C

be defined by the bilinear form

⟨ψ, ϕ⟩ = ψ
T
(0)ϕ(0)

−
∫ 0

−τ

∫ θ

ξ=0

ψ
T
(ξ − θ)dηµ(θ)ϕ(ξ)dξ, ψ ∈ C∗, ϕ ∈ C,

where ψ is the conjugate of a function ψ. Let an operator Π∗
µ satisfy ⟨ψ,Πµϕ⟩ =185

⟨Π∗
µψ, ϕ⟩.

At the FH point, the solutions of Eq. (15) have a pair of purely imaginary

eigenvalues and one zero eigenvalue Λ = {0,±iω}. With the help of the formal

adjoint theory for functional differential equations [38], the phase space C is

decomposed as C = ΩΛ ⊕ Q, where Q = {ϕ ∈ C|⟨ψ, ϕ⟩ = 0, ψ ∈ Ω∗
Λ}, and the190

bases for the eigenspace ΩΛ and its dual space Ω∗
Λ are, respectively,

Φ(θ) = (q0, q1(θ), q̄1(θ)),

Φ∗(ρ) = (q∗0 , q
∗
1(ρ), q̄

∗
1(ρ)).
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It is easy to show that ⟨Φ∗,Φ⟩ is the 3× 3 identity matrix. Consider a matrix

M(λ) =


−λ 1 0

A+Be−λsτ M − λ P

G 0 H − λ

 .
By direct computation, the right eigenvectors for λ = 0 and iω are, respectively,

q0 = (1, 0,−G/H)
t
, q1(θ) = v1e

iωθs,

where v1 = (1, iω, (−G)/(H − iω))
t
. The left eigenvectors for λ = 0 and −iω

are, respectively,

q∗0 = N0v
∗
0, q

∗
1(ρ) = N1v

∗
1e

iωρs,

where v∗
0 = (1,−1/M,P/(MH)), v∗

1 = (1,−1/(M + iω), P/ ((H + iω)(M + iω))).

For normalization of the bases, we let N0 =

(
1− GP

H2M

)−1

. Since ⟨q∗1 , q1⟩ = 1

and

⟨q∗1 , q1⟩

= N1

(
v∗
1v1 −

∫ 0

−τ

∫ θ

ξ=0

v∗
1e

−iωs(ξ−θ)dη(θ)v1e
iωsξdξ

)

= N1

(
v∗
1v1 −

∫ 0

−τ

v∗
1dη(θ)v1θe

iωsθ

)
= N1

(
v∗
1v1 + τe−iωsτv∗

1η(−τ)v1

)
,

we set195

N1 =
(
v∗
1v1 + τe−iωsτv∗

1η(−τ)v1

)−1

=

(
1− (k − 1)τe−isτω

D(M − iω)
− iω

M − iω
− GP

(iH + ω)2(M − iω)

)−1

.

We consider the enlarged phase space BC of the functions from [−τ, 0] to

R3, continuous on [−τ, 0) and with a possible jump discontinuity at zero. The

elements of BC are of the form ϕ = ψ +X0α, where ψ ∈ C, α ∈ R3, X0(θ) = 0

for θ ∈ [−τ, 0) and X0(0) = I. Let π : C → ΩΛ be a continuous projection

defined by π(ϕ +X0α) = Φ[(Φ∗, ϕ) + Φ∗(0)α]. In the space BC, the system of

Eqs. (27) becomes an abstract ODE

dχt

dt
= Πµχt +X0G(χt, µ), (28)

13



where G(φ, µ) = F (φ, µ)− Lµ(φ). We define two new variables

ξ = ⟨q∗0 , χt⟩,

z = ⟨q∗1 , χt⟩,

and then

Wt(θ) = χt(θ)− ξq0 − zq1(θ)− z̄q̄1(θ), (29)

where ξ [resp. z] is real [resp. complex], and they depend on t. The existence

of the center manifold enables us to reduce the original system to an ordinary

differential equation for three variables on the center manifold. At a bifurcation

point with a zero and a pair of purely imaginary, the equation is200

ξ̇ = q∗0 f̂(ξ, z, z̄), (30)

ż = iωz + q̄∗1(0)f̂(ξ, z, z̄), (31)

Ẇt = A(0)Wt − q∗0 f̂(ξ, z, z̄)q0 −

2Re{q̄∗1(0)f̂(ξ, z, z̄)q1(θ)},

where f̂(ξ, z, z̄) = F (ξq0 + zq1(θ) + z̄q̄1(θ) +Wt). We haveW (t, θ) =W (ξ(t), z(t), z̄(t), θ),

where W = (W (1),W (2),W (3))t. and we expand it into the following series

W (ξ, z, z̄, θ) =
∑

i+j+k≥2

Wi,j,k(θ)ξ
izj z̄k,

where ξ, z and z̄ are local coordinates on the center manifold in the directions

of q0, q1 and q̄1, respectively. W is real because χt is real. Since W is a function

of three variables ξ, z and z̄, Eqs. (30) and (31) can be formulated as

ξ̇ = r(ξ, z, z̄),

ż = iωz + g(ξ, z, z̄),

with the expansions

r(ξ, z, z̄) =
∑

i+j+k≥2

ri,j,kξ
izj z̄k, (32)

g(ξ, z, z̄) =
∑

i+j+k≥2

gi,j,kξ
izj z̄k, (33)

14



where the coefficients ri,j,k, gi,j,kare constants with i+ j + k ≥ 2.205

We can rewrite Wt(θ) (29) as the following simple notation.

W (t,−τ) = χt(−τ)− ξq0 − zq1(−τ)− z̄q̄1(−τ)

= χ(t− τ)− ξ


1

0

−G/H

− z(t)


1

iω

−G/(H − iω)

 e−iωτs

−z̄(t)


1

−iω

−G/(H + iω)

 eiωτs.

Therefore,

x(t− τ) = ξ(t) + e−iωτsz(t) + eiωτsz̄(t) +W (1)(t,−τ), (34)

where

W (1)(t,−τ) = W
(1)
200(−τ)

ξ2

2
+W

(1)
110(−τ)ξz +W

(1)
101(−τ)ξz̄

+W
(1)
011(−τ)zz̄ +W

(1)
020(−τ)

z2

2
+W

(1)
002(−τ)

z̄2

2
+ · · · .

It follows from τ = 0 and Eq. (34) that x(t) = ξ(t) + z(t) + z̄(t) +W (1)(t, 0).

Because

g(ξ, z, z̄)

= q̄∗1(0)f̂(ξ, z, z̄)

= N1

[
1,

−1

M − iω
,

P

(H − iω)(M − iω)

]
0(

x3/3 + v0x
2
)
/D

x2/(sc)

 , (35)

= N1v
∗
1 f̂(ξ, z, z̄). (36)

and by comparing the coefficients in Eq. (33) with those in Eq. (35), we have

g200 = 2N̄1

(
P

cHs− icsω
− v0
D

)
/ (M − iω) , (37)

and gijk = g110, if i+ j + k = 2.210

15



r(ξ, z, z̄) = q∗0 f̂(ξ, z, z̄)

= N0

[
1,

−1

M
,
P

MH

]
0(

x3/3 + v0x
2
)
/D

x2/(sc)

 . (38)

Comparing the coefficients in Eq. (32) with those in Eq. (38), we have

r200 =
2N0

M

(
P

cHs
− v0
D

)
, (39)

and rijk = r200, if i+ j + k = 2.

To show the existence of the FH bifurcation, we consider the normal form

of Gavrilov [23] as follows.

ξ̇ = δ(µ) + b(µ)ξ2 + c(µ)|z|2 +O(||(ξ, z, z̄)||4),

ż = σ(µ)z + d(µ)ξz + e(µ)ξ2z +O(||(ξ, z, z̄)||4).

We use the critical Poincaré smooth normal form, which is given by

ξ̇ = r̃200ξ
2 + r̃011|z|2 + r̃300ξ

3 + r̃111ξ|z|2 +O(||(ξ, z, z̄)||4),

ż = iωz + g̃110ξz + g̃210ξ
2z + g̃021z|z|2 +O(||(ξ, z, z̄)||4).

By comparison of the two normal forms, we have the quantities215

b(0) = r̃200,

c(0) = r̃011,

d(0) = g̃110 −
iωr̃300
r̃200

,

e(0) = Re

[
g̃210 + g̃110

(
Re g̃021
r̃011

− 3r̃300
2r̃200

+
r̃111
2r̃011

)
− g̃021r̃200

r̃011

]
.
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There are some relations, as follows:

r̃011 = r011,

g̃110 = g110,

r̃200 = r200,

r̃111 = r111 − 2 (Im(r110g011) + Im(r020g101)) /ω,

g̃210 = g210 + i
[
2g200(g020 − r110)− |g101|2/2− g011ḡ200

]
/ω,

g̃021 = g021 + i
[
g011g020 − r020g101/2− |g011|2 − |g002|2/3

]
/ω,

r̃300 = r300 − 2Im (r110g200) /ω.

Therefore,

s = sign [b(0)c(0)] = sign [r200(0)]
2
,

θ(0) = Re

[
d(0)

b(0)

]
= Re [g̃110 − iωr̃300/r̃200] /r̃200 =

Re [g110]

r200
, (40)

ω1(0) =
e(0)

(b(0))2
Imσ(0) =

e(0)

(b(0))2
ω = ω (41)

The last equality of Eq. (40) holds since r̃300 and r̃200 are real numbers. We

remark that r̃ijk is real if j = k. The last equality of Eq. (41) holds since there

exists a pair of purely imaginary at an FH bifurcation point. This finding implies220

that e(0) = (b(0))2. Obviously, the two quantities s and θ(0) are independent of

Wijk. Therefore, there is no need to solve the ODE ofWijk for any i+j+k ≥ 2.

Since r011(0) = r200(0), the value s is equal to one. Based on the theory of the

FH bifurcation [23], we can obtain the following theorem for the existence of a

heteroclinic orbit.225

Theorem 3.1. If s = 1 and θ(0) > 0, there exists a heteroclinic orbit with

Eqs. (40) and (40).
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4. Numerical Simulations

In this section, we give several diagrams to illustrate regions of a parameter

space where a zero eigenvalue and a pair of purely imaginary eigenvalues exist230

at a critical equilibrium in Sec. 2, and we provide a table to show the parameter

values about the existence of the critical normal form for an FH bifurcation in

the sense of Gavrilov [23]; then, we plot a heteroclinic orbit that is theoretically

shown in Theorem 3.1. For the sake of convenience, the discussion is to first

fix the parameters b = 2, d = 2.45, c = 3, I = 0 and k = 1.05. Second, we235

show the existence of a fold bifurcation in the a-d parameter plane. In this

step, we choose a suitable value of the parameter a. Third, we show that a set

that satisfies Condition (C1) or (C2) is nonempty, and it is plotted in the s-D

parameter plane. Finally, for the special parameter value a, we present the FH

bifurcation with a bifurcation parameter τ .240

Insert Fig. (1) here.

First, the number of equilibrium points of Eqs. (12)-(14) is presented. The

number of equilibrium points depend only on a, b and d. It follows from

Eqs. (12)-(14) that the number of equilibria is independent of the parameters k,

τ , s, c and D. The number of equilibrium points in the parameter space (a, b, d)245

is the same as that in the study in Ref. [17]. Therefore, the number of equilib-

rium points has been discussed in detail. In Fig. (1), the a-d parameter plane is

divided by two curves where parameters satisfy Condition SN±. It follows from

Condition SN± in Sec. (2) and Ref. [17] that there exists one saddle point and

one node in the gray region, if τ = 0. Notably, the stability of the equilibrium250

points at the fold bifurcation depends on the parameters b, c, D and s. Hence,

we can obtain a =
(
35−

√
10
)
/600 by Condition SN− if b = 2 and d = 2.45.

Second, we consider an FH bifurcation and allow the parameter τ to be

the bifurcation parameter after consideration of the fold bifurcation with the

bifurcation parameter a. By Condition (C1) or (C2), we can show zeros and the255

number of zeros of Eq. (21) in the s-D parameter plane with the remaining fixed
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parameters. There exists one zero [resp. two zeros] of Eq. (21) if Condition (C1)

[resp. (C2)] holds. In Fig. (2(a)), Condition (C1) and θ(τ+0 ) > 0 are satisfied.

In Fig. (2(b)), Condition (C2) and θ(τ+0 ) < 0 and θ(τ−0 ) > 0 are satisfied.

In Fig. (2(c)), Condition (C2) and θ(τ+0 ) > 0 and θ(τ−0 ) > 0 are satisfied.260

Finally, we numerically compute some values and list them in Table (1) when

we choose the parameters s = 0.4 and D = 0.1 as the point in Fig. (2(b)). By

Theorem (3.1), some pairs of (s,D) in Table (1) make FH bifurcations occur.

Insert Fig. (2) here.

To illustrate the stability switch of the equilibrium with respect to the delay265

τ in the eigenspace w.r.t. ω±, let us start with a system of Eqs. (12)-(14)

with τ = 0. In this case, the system becomes a non-delay system. Recall that

parameters a =
(
35−

√
10
)
/600, b = 2, c = 3, d = 2.45, s = 0.4, D = 0.1

and k = 1.05 are fixed. Eigenvlaues of the linear part of the system at the

fold bifurcation are zero and almost equal to the complex values −0.166667 ±270

1.84902i. If d = b2/c2 + 2
√

1− b/c2, three eigenvalues are double zeros and

(s2 − bD)/(cDs). If (s2 − bD)/(cDs) < 0, there are one zero eigenvalue and a

pair of complex eigenvalues with negative real parts. For the case, obviously, the

real parts of the complex eigenvalues are negative because (s2 − bD)/(cDs) < 0

as b = 2, c = 3, s = 0.4 and D = 0.1. In the eigenspace, with respect to the275

complex eigenvalues −0.166667 ± 1.84902i, an orbit spirals in the equilibrium

(
(
−10−

√
10
)
/20, (−1070− 89

√
10)/2400, 0), which is a double root of Eq. (7)

and is a one-sided stable equilibrium. If the parameter τ goes through the value

3.52685 in Table (1), the stability of the equilibrium changes from one-sided

stability to instability, as shown in Fig. (3). There are three occurrences from280

one-sided stability to instability and then back to one-sided stability in the case.

Therefore, there exists a one-sided stability switch in the eigenspace w.r.t ω±.

Insert Fig. (3) here.

It follows from Theorem (3.1) that there exists an FH bifurcation for Eqs. (12)-

(14), provided that a =
(
35−

√
10
)
/600 ≈ 0.0530629, d = 2.45, s = 0.4,285
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D = 0.1, τ ≈ 7.34883, k = 1.05, where a pair of s and D is dotted in Fig. (2(b)),

and τ is shown in Table (1). Therefore, we numerically present a heteroclinic

orbit. The point (a, d) = (
(
35−

√
10
)
/600, 2.45) is on the black curve SN−

in Fig. (1). The point (a, d) = (0.055716, 2.45) is located in the gray area in

Fig. (1). In other words, the number of equilibria is changed from 2 equilibria on290

the black curve to 3 equilibria in the gray area. This finding is the phenomenon

near a fold bifurcation. Herein, trajectories in the plane and space with a pa-

rameter a = 0.055716 are presented in Fig. (4). We plot u- and w- nullclines in

the space with u = 0. Three equilibrium points, (−0.74250991,−0.60605615, 0),

(−0.55450541,−0.49767299, 0) and (−0.20298468,−0.20019683, 0), are located295

in the intersection of the two nullclines with u = 0 in Fig. (4(a)). It follows from

Fig. (4(b)) that the first two equilibrium points are connected by Eqs. (12)-(14).

Therefore, the existence of the heteroclinic orbit is theoretically shown in The-

orem (3.1) and numerically supported in Fig. (4).

Insert Fig. (4) here.300
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5. Conclusions

In this paper, the FH bifurcation in continuum coupled Hindmarsh-Rose

type equations with RNF is investigated by the center manifold and the normal

form in the sense of Gavrilov. Herein, we assume that k1+k2 = 1 for simplicity.

The condition of the fold bifurcation is affected by only three parameters, a,305

b and d. For numerical simulation, we can first fix two parameters (b and d);

then, parameter a can be determined by Condition SN±. Furthermore, we show

the fold bifurcation diagram in the a-d parameter domain. Furthermore, this

finding confirms that the number of equilibrium points for the system is at most

three. The result about the number of equilibrium points can also be confirmed310

in detail by Ref. [17]. Second, we show the s-D parameter domain where the FH

bifurcation occurs with fixed parameters a, b, d and k. Finally, we can simulate

the model and plot a heteroclinic orbit by choosing a suitable parameter in the

a-τ parameter domain. In this study, we show the existence of a travelling wave

solution for continuum coupled Hindmarsh-Rose type equations with recurrent315

neural feedback.
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i h τhi T θ(τhi )

0 + 3.52685 1 -0.007840

0 - 7.34883 -1 0.468884

1 + 10.9321 1 -0.385006

1 - 16.0185 -1 0.384462

2 + 18.3373 1 -0.407698

2 - 24.6882 -1 0.309209

3 + 25.7426 1 -0.359498

4 + 33.1478 1 -0.309609

3 - 33.3579 -1 0.255405
...

...
...

...
...

Table 1: Illustration of the FH bifurcation with τ as the bifurcation parameter. Herein, we

set a =
(
35−

√
10

)
/600, b = 2, c = 3, d = 2.45, s = 0.4, D = 0.1 and k = 1.05. The FH

bifurcation occurs at τhi , where i ∈ {0} ∪ N and h ∈ {−, +}. The index h = ± corresponds

to ω± = 1
6

(
197− 18

√
10± 6

(√
2 +

√
5
)) 1

2
. The column labeled “T” indicates that the sign

of the transversality condition is (T).
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Figure 1: Illustration of the number of equilibrium points in the a-d parameter plane. Herein,

we fix the parameter b = 2. Two curves, SN− and SN+, are determined by Condition SN±.

There are three equilibrium points in the gray area. There is only one equilibrium in the

white area. There are two equilibrium points in the black curve, which is the curve of a fold

bifurcation.
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(c) Case III.

Figure 2: Illustration of s-D parameter planes, where an FH bifurcation with θ(τ±0 ) > 0

occurs. Herein, we fix a couple of parameters a = (35 −
√
10)/600, b = 2, c = 3, d = 2.45

and k = 1.05, where parameters a, b and d satisfy Condition SN−. In the three parameter

planes, there exist one zero eigenvalue and a pair of purely imaginary eigenvalues, and the

conditions in Theorem (3.1) hold. For subFig. (a), parameters s and D satisfy Condition (C1)

with θ(τ+0 ) > 0. There exists one zero ω+ of Eq. (21). For subFigs. (b) and (c), there exist

two zeros, ω− and ω+, of Eq. (21) under Condition (C2), where θ(τ−0 ) > 0 for subFig. (b)

and θ(τ+0 ) > 0 for subFig. (c). Here, θ(τ+0 ) < 0 and θ(τ−0 ) > 0, while (s,D) = (0.4, 0.1);

θ(τ+0 ) > 0 and θ(τ−0 ) > 0, while (s,D) = (0.38, 0.1).
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(a) a one-side stable equilibrium

(b) an unstable equilibrium

Figure 3: Illustration of the one-sided stability switch.
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Figure 4: Illustration of a heteroclinic orbit both in the v-w plane and in space. We fix a

couple of parameters a = 0.055716, d = 2.45, s = 0.4, D = 0.1, τ = 7.84883 and k = 1.05, near

an FH bifurcation. For subFig. (a), in the v-w plane, we show u- and w- nullclines, three equi-

librium points, and a heteroclinic orbit which connects two equilibrium points (v−0 , 0, w−
0 ) ≈

(−0.74250991, 0,−0.60605615) and (v+0 , 0, w+
0 ) ≈ (−0.55450541, 0,−0.49767299). For sub-

Fig. (b), the heteroclinic orbit is shown in the space. For subFig. (c), the time series of v is

shown.
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科技部補助專題研究計畫項下出席國際學術會議心得報告 
                                   日期：10710 月 30 

一、參加會議經過： 

   東亞工業及應用數學大會為 2018 年 6 月 22 日至 6 月 25 日在東京大學數學科學

中心舉辦的國際學術研討會。本會議主要內容為數學在工業及應用數學的研究。本

次會議發表的題目為廣義型 Hindmarsh-Rose 模型中的 Hopf-fold Bifurcation。此

模型可視為神經元之連續耦合，主要建構基礎在於大腦具有可塑性。期待藉由簡單

的神經元模型，架構無限的可能性。此方程式主要加強了神經元的基本功能，由不

同的功能給予方程解的多樣性。在研究的過程中，基本的研究方法不變的情形下，

我們發現有更多的現象出現。同樣地，我們需要建立適當的線性空間以降低維度，

輔以特殊的標準式來建立腦行動態系統解的存在參數範圍。由於對於具偏微項之延

遲型類神經模型的研究成果與技術感興趣的人越來越多，預期這部份的成果將受到

注意。 

出國人員

姓名 
陳賢修 

服務機構

及職稱 

國立臺灣師範大學數學系 

副教授 

會議時間 
107 年 6 月 22 日至 
107 年 6 月 25 日 會議地點 (中文) 東京大學 

(英文)  The University of Tokyo 

會議名稱 
(中文) 2018 東亞工業及應用數學國際學術研討會 

(英文) The 13th SIAM East Asian Section Conference, EASIAM 2018 
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二、與會心得 

對此次參與國際研討會，首先，我們要感謝科技部的支持與補助。此次的會議

為常年性東亞學術交流會議，因此，對於台灣與東南亞學術交流進展十分有幫助。

東京大學佔地廣大，位於東京熱鬧的區域。參加此次大會，幾位參與會議的研究人

員針對本次演講的內容，提供不少的建議。例如︰其他的模型是否也可能有和我們

的模型有類似的結論，如果有應該非常值得再研究。提供我們不同的研究方向。對

於與會者提出的問題，在未來的研究上，我們會再進一步討論分析，希望可以應於

別的模型，同時在本模型的解釋上有更好的貢獻。 

 
 
 
 
 
 
 
 

三、建議 

無 

四、攜回資料名稱及內容 

1. 大會提供的手冊。 
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