
科技部補助專題研究計畫成果報告

期末報告

求解代數黎卡迪方程式的投影方法之可解繼承性

計 畫 類 別 ： 個別型計畫

計 畫 編 號 ： MOST 106-2115-M-003-002-

執 行 期 間 ： 106年08月01日至107年07月31日

執 行 單 位 ： 國立臺灣師範大學數學系（所）

計畫主持人： 范洪源

計畫參與人員： 學士級-專任助理：莊雲閔
學士級-專任助理：陳秉君
大專生-兼任助理：簡宇謙
大專生-兼任助理：張振宇

報 告 附 件 ： 出席國際學術會議心得報告

中　華　民　國　107　年　11　月　12　日



中 文 摘 要 ： 在本專題研究計畫中，我們考慮以Krylov子空間投影方法計算大型
尺度連續時間代數黎卡迪方程式的數值解，其中此類矩陣方程式源
自自於線性二次高斯最佳化控制問題。我們提出廣泛且合理的數學
充分條件，以保證在該算法中每個被投影的小型尺度代數黎卡迪方
程式均有唯一對稱半正定的穩定解 (stabilizing solution)，亦即
在整個迭代過程中，投影方法的可解性 (solvability) 能夠被維持
或繼承 (inherited)。投影法的可解繼承性的研究工作最該領域中
最新的且最重要的議題。最後，我們提供一些有趣且具代表性的數
值算例，佐證本計畫所提出的繼承性質。

中文關鍵詞： 連續時間代數黎卡迪方程式, Krylov子空間, LQR最佳控制問題, 投
影法

英 文 摘 要 ： We consider the numerical solution of large-scale
continuous-time algebraic Riccati equations by Krylov
subspace methods. We show that the solvability of the
projected algebraic Riccati equation need not be assumed
but can be inherited. This study of inheritance properties
is the first of its kind. We conduct our study via the
stabilizability and detectability of the control system,
the stability of the associated Hamiltonian matrix and
perturbation in terms of residuals. Special attention is
paid to the stabilizing and positive semidefinite
properties of approximate solutions. Illustrative numerical
examples are presented.

英文關鍵詞： continuous-time algebraic Riccati equation, Krylov
subspace, LQR optimal control, projection method



Inheritance Properties of Krylov Subspace Methods for

Continuous-Time Algebraic Riccati Equations
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Abstract

We consider the numerical solution of large-scale continuous-time algebraic Riccati equa-
tions by Krylov subspace methods. We show that the solvability of the projected algebraic
Riccati equation need not be assumed but can be inherited. This study of inheritance prop-
erties is the first of its kind. We conduct our study via the stabilizability and detectability
of the control system, the stability of the associated Hamiltonian matrix and perturbation
in terms of residuals. Special attention is paid to the stabilizing and positive semi-definite
properties of approximate solutions. Illustrative numerical examples are presented.

Keywords. continuous-time algebraic Riccati equation, Krylov subspace, LQR optimal con-
trol, projection method
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1 Introduction

We consider the application of Krylov subspace methods to the large-scale continuous-time al-
gebraic Riccati equations (CAREs). Specifically, we consider the inheritance of solvability con-
ditions from a CARE by the corresponding projected equation. The inheritance properties are
obviously important but have not been investigated previously.

1.1 Continuous-Time Algebraic Riccati Equations

Let A ∈ Rn×n, B ∈ Rn×m and C ∈ Rl×n with m, l ≤ n. Consider the linear time-invariant
control system {A,B,C} in continuous-time:

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t).

With H ≡ C>C being positive semi-definite (p.s.d.) and R positive definite, the linear quadratic
regulator (LQR) control minimizes the functional J(x, u) ≡

∫∞
0

[
x(t)>Hx(t) + u(t)>Ru(t)

]
dt.
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The optimal control u(t) = −R−1B>X x(t) is expressed in terms of the unique stabilizing p.s.d. so-
lution X of the CARE, where G ≡ BR−1B> is p.s.d.:

C(X) ≡ A>X +XA−XGX +H = 0. (1)

The closed-loop system matrix Ac ≡ A−GX has all its eigenvalues possessing negative real parts.
For the general background of the LQR problem or CAREs, consult [10, 35, 41].

1.2 Previous Work

The solution of algebraic Riccati equations (AREs) is an active area of research due to its im-
portance in optimal control and filtering problems. Many control theorists and applied mathe-
maticians have worked on the problem, contributed dozens of methods [10, 12, 14, 19]. Classical
approaches utilize canonical forms, determinants and polynomial manipulation whereas state-of-
the-art approaches work in a numerically stable manner. A favourite approach reformulates the
CARE as a Hamiltonian eigenvalue problem defined by [36]:

H
[
I
X

]
=

[
I
X

]
(A−GX), H ≡

[
A −G
−H −A>

]
, (2)

and has been implemented in MATLAB (as the command care). The Newton-Kleinman method
[32] is another favourite. On modern algorithms for AREs of moderate sizes, consult [6, 10, 36].

For control problems from PDEs [2, 8, 9] and the balancing-based model order reduction [28],
large-scale CAREs or Lyapunov equations have to be solved. Solving the corresponding CARE
may involve the c-stable invariant subspace of H, usually a prohibitively expensive exercise [3].

Benner et al. contributed much on large-scale CAREs [4, 6, 8, 9, 47]. They mainly built
on Newton’s methods with the ADI for the associated Lyapunov equations. (The initialization
of Newton’s method and the choice of parameters for the ADI have been challenging; see recent
advances for the latter in [5].) Consult [1, 26, 27] on various invariant or Krylov subspace methods.
The structure-preserving doubling algorithm [14] has been adapted for large-scale CAREs [37].

The CARE (1) is solvable and yields a unique stabilizing p.s.d. solution X when the control
system {A,B,C} is stabilizable and detectable [35, 41]. The Krylov subspace methods (such
as the block Krylov method [26, 27], the extended block Arnoldi process [24] and the rational
Krylov subspace methods [48, 49]) are popular for large-scale CAREs. (See also the applications
of the rational Krylov subspaces [15] to Lyapunov equations [16], evolutionary problems [17],
large-scale dynamical systems [18], approximation of matrix functions [22, 23] and eigenvalue
problems [44, 46].) They project the original equations onto certain subspaces and produce small
projected CAREs (pCAREs). However, most papers have not elaborated on the solvability of the
projected equations. One exception is [26], in which a deflation technique is applied to improve,
hopefully, an unsolvable pCARE. From [26], Jbilou assumed, for the increasing dimension d of

the Krylov subspace, that the projected systems “{H>d , Bd} is c-stabilizable and {H>d , C̃1} is c-
detectable. These conditions ensure that the (projected) matrix equation has a unique symmetric
p.s.d. solution Yd. If the preceding conditions are not satisfied we can use an implicit restart
strategy to remove the unstable eigenvalues to obtain a c-stabilizable and c-detectable low-order
model”. However, it is unclear how the technique directly affects the solvability of the pCARE.
See [24, 27, 39, 48, 49] on their assumptions for the solvability of the pCARE.
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1.3 Main Contributions

In Section 2.2, we investigate the inheritance of solvability conditions of Krylov subspace methods
for the CAREs. We are interested in when stabilizability, detectability and other properties of
the original equations and control systems are passed on to, or inherited by, their projections.

We prove the solvability (for the unique stabilizing p.s.d. solution) of the CARE is inher-
ited by the pCARE, when the system {A,B,C} is bounded away from unstabilizability and
undetectability (in the sense of Theorems 2.2 and 2.3 below). Other inheritance properties are
presented in terms of the stability radius and the perturbation theory. We have made a start
on the inheritance properties, leaving some questions for the future. Note that the inheritance
properties concern the flow of properties and structures from the CARE, through the projection,
to the pCARE. While the solvability of a small pCARE may be tested easily, its link with the
CARE and the Krylov subspace method is more interesting.

1.4 Organization of Paper

We consider Krylov subspace methods for CAREs in Section 2, elaborating on the inheritance
properties. Accuracy of Krylov subspace methods is considered in Section 3, some numerical
examples are presented in Section 4 and the study is concluded in Section 5.

Some notations are tabulated below, followed by a note on terminology:

Symbol Description
‖ · ‖ 2-matrix norm on square real matrices and the 2-operator norm

on the set of real symmetric matrices.
(·)>, (·)−1 Transposes and inverses respectively, with the latter assuming

invertibility implicitly; (A>)−1 is abbreviated to A−>.
I The identity matrix, occasionally with a subscript for its dimension.
σmax(·), σmin(·) The maximum and minimum singular values respectively.
Λ(·) The spectrum.
R, C The fields of real and complex numbers respectively.
C+ The closed right plane.
ı

√
−1.

Rm×n, Sn The sets of real m× n and real symmetric n× n matrices respectively.

For a square symmetric matrix, it is positive semi-definite (p.s.d.) when all its eigenvalues
are non-negative. A square symmetric matrix is stabilizing when the corresponding closed-loop
system matrix (indicated by the superscript “c” as in “closed-loop”) is c-stable, i.e. with all
eigenvalues having negative real parts. A stabilizing solution also satisfies a CARE. A matrix is
numerically low-rank if it can be approximated “accurately” by a low-rank matrix of the same
dimensions, with the error bounded in norm by a tolerance specified by the user.

2 Krylov Subspace Methods

Krylov subspace methods are applicable when the solution X is numerically low-rank, which
is so when H is low-rank [3]. Let Kk(M,Z) ≡ span{Z,MZ, · · · ,MkZ} denote the Krylov
subspace generated by the matrix M and the initial block-vector Z. Various Krylov subspaces
have been applied to CAREs. For example, Kk(A>, C>) was applied in [26], Kk(A,C>) in [27]
and Kk(A>, C>) ∪ Kk(A−>, C>) in [24]. Recently, the rational Krylov subspace [38, 48, 49]:

Kk(A>, C>, s) ≡ span
{
C>, (A− s1I)−>C>, · · · , (A− skI)−> · · · (A− s1I)−>C>

}
(3)
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with the shifts sj ∈ C+ in s = [s1, s2, · · · , sk], was applied to CAREs successfully. (See also the
related [40]; for the optimal or adaptive selection of s, consult [17, 23, 48].) From the Arnoldi
process with V0 ≡ C> (orthonormalized), Kk(A>, C>, s) is spanned by Vk ∈ Rn×nk (k ≥ 0) which
satisfies the Arnoldi relationship:

A>Vk = VkΦ>k + vk+1r
>
k , (4)

as in [15, 39] and [48, Eqt. (5.1)], with Vk+1 ≡ [Vk, vk+1], V >k+1Vk+1 = I and Φk = V >k AVk.
We refer to rk as the Arnoldi residual corresponding to the Krylov subspace. With the low-rank
approximate solution Xk ≡ VkYkV

>
k , Y >k = Yk ∈ Rnk×nk , G11 ≡ V >k GVk and H11 ≡ V >k HVk,

the Galerkin condition V >k C(Xk)Vk = 0 leads to the pCARE in Yk:

Ĉ(Yk) ≡ Φ>k Yk + YkΦk − YkG11Yk +H11 = 0. (5)

The Arnoldi residual rk may stagnate, i.e., persist in norm and not diminish with respect to
the increasing values of k. It plays an important part in the convergence and accuracy of Krylov
subspace methods.

What Is a Solution?

An ARE generally has many solutions but have only one useful one, the unique stabilizing
p.s.d. solution for the optimal control. (From the proof of [52, Lemma 2.5], which assumes
H is p.s.d., a stabilizing solution of an ARE is unique for any H.) For a symmetric approximate
solution, we may require it to be stabilizing because stabilization of the closed-loop system is one
of the main objectives of the LQR optimal control. As for a symmetric solution Yk of the pCARE
(5), its properties have no direct impact on Xk = VkYkV

>
k , although Yk is p.s.d. iff Xk is so.

Individual solution methods are based on different assumptions, giving rise to approximate
solutions with different properties. These will be elaborated further.

2.1 In-Depth Interpretation of Projection Methods

For the orthogonal P ≡ [P1, P2] ∈ Rn×n with P1 ≡ Vk ∈ Rn×nk and Yij ≡ P>i XPj (i, j = 1, 2),
the solution X of the CARE (1) satisfies

X = P

[
Y11 Y12
Y >12 Y22

]
P> =

2∑
i,j=1

PiYijP
>
j ,

where Y21 = Y >12 and Y >ii = Yii from the symmetry of X. Obviously, Yk in (5) is an approximation
to Y11. From the Arnoldi relationship (4), A21 ≡ P>2 AP1 and A22 ≡ P>2 AP2, we have

P>AP =

[
P>1 AP1 P>1 AP2

P>2 AP1 P>2 AP2

]
=

[
Φk rkv

>
k+1P2

A21 A22

]
. (6)

With ‖rk‖ being relatively small, A is essentially block-triangularized and decoupled into two
smaller subsystems represented by Φk and A22. In fact, P1 spans approximately an invariant
subspace of A>. Furthermore, the decomposition on the right of (6) is almost the observability
canonical form for A, with Φk and A22 representing approximately the observable and unob-
servable subsystems, respectively. If {A,C} is detectable, A22 is not far from being stable. The
precise relationship between the spectra of A and Φk, modifying [50, Theorem 4.1], is given below:
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Theorem 2.1 Let P>AP be partitioned as in (6). If δ = sep(Φk, A22) ≡ inf‖X‖=1 ‖A22X −
XΦk‖ > 0 and ‖A21‖‖rk‖ < δ2/4, there exists a unique Ω such that W = P1 + P2Ω spans an
invariant subspace of A, and Φk + rkv

>
k+1P2Ω and A22−Ωrkv

>
k+1P2 are respectively the represen-

tations of A in spanW and its orthogonal complement. The matrix Ω solves the nonsymmetric
algebraic Riccati equation A22Ω− ΩΦk − Ωrkv

>
k+1P2Ω +A21 = 0 with ‖Ω‖ < 2δ−1‖A21‖.

Remark 2.1 From Theorem 2.1, Λ(A) equals the disjoint union of Λ(Φk + rkv
>
k+1P2Ω) and

Λ(A22 −Ωrkv
>
k+1P2). When A is nonsingular, for example, so is Φk + rkv

>
k+1P2Ω. If the nearby

matrix Φk (after a perturbation of ∆ ≡ −rkv>k+1P2Ω) stays nonsingular, the invertibility of A is
inherited by Φk. This will be the case when ‖∆‖ is sufficiently small, even if ‖rk‖ is large.

For Krylov subspaces which satisfy C> ⊆ spanP1, we have Hij ≡ P>i HPj = 0 for i, j = 1, 2
except H11 ≡ P>1 HP1 is p.s.d.. Together with (6) and Gij ≡ P>i GPj , we have

C(X) = PP>C(X)PP> = P

[
Ĉ(Y11)− g11 + Ĥ11 Φ̃kY12 + Y12Ã22 − g12 + Ĥ12

∗ Č(Y22)

]
P> ∈ Sn,

with ∗ being the part retrievable from symmetry, Φ̃k ≡ Φk −G11Y11, Ã22 ≡ A22 −G22Y22 and

Č(Y22) ≡ A>22Y22 + Y22A22 − Y22G22Y22 − g22 + Ĥ22,

Ĥ11 ≡ A>21Y
>
12 + Y12A21, g11 ≡ Y11G12Y

>
12 + Y12G21Y11 + Y12G22Y

>
12 ;

Ĥ12 ≡ Y11rkv
>
k+1P2 +A>21Y22, g12 ≡ Y11G12Y22 + Y12G21Y12;

Ĥ22 ≡ P>2 vk+1r
>
k Y12 + Y >12rkv

>
k+1P2, g22 ≡ Y >12G11Y12 + Y >12G12Y22 + Y22G21Y12.

We describe a Krylov subspace method and its approximate solution Xk as accurate when the
residual Rk ≡ C(Xk) is less than some small tolerance ε in norm. From [30, Theorem 2] when

4‖G‖‖L−1‖2‖Rk‖ < 1, (7)

where the Lyapunov operator L(·) ≡ (A−GX)>(·) + (·)(A−GX) is invertible in Sn, we have

‖Xk −X‖ ≤ 2‖L−1‖‖Rk‖ ≤ 2‖L−1‖ ε. (8)

With ‖P>2 X‖ = ‖[Y >12 , Y22]‖, we also have

max{‖P>2 X‖, ‖Yk − Y11‖} ≤
∥∥∥∥[ Y11 − Yk Y12

Y >12 Y22

]∥∥∥∥ = ‖Xk −X‖ ≤ 2‖L−1‖ ε,

so X has a small O(ε) component in spanP2 and Yk approximates Y11 accurately.

2.2 Inheritance of Solvability

Consider the Krylov subspace methods for which the Arnoldi relationship (4) holds. Denote
Bi ≡ P>i B and Ci ≡ CPi (i = 1, 2). We have several approaches to investigate the solvability
conditions of the CARE (1) and its projection (5).
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2.2.1 Stabilizability

We consider the stabilizability of {A,B} and its projection {Φk, B1}. We modify the definition
for the distance of the system {A,B} from uncontrollability [21, 45] to that from unstabilizability:

τ(A,B) ≡ min{‖[δA, δB]‖ : {A+ δA,B + δB} is not stabilizable}
= min

µ∈C+

σmin(A− µI, B). (9)

The numerical estimation of τ , required in the numerical examples in Section 4, is generally
difficult and expensive [21, 25, 29, 31, 33, 45], especially for large systems.

Applying the properties of singular values [20] with the help of (6), we have

τ(A,B) = min
µ∈C+

σmin

[
µI − Φk B1 −rkv>k+1P2

−A21 B2 µI −A22

]
= min

µ∈C+

min
‖[x>1 , x>2 ]‖=1

∥∥∥∥[x>1 , x
>
2 ]

[
µI − Φk B1 −rkv>k+1P2

−A21 B2 µI −A22

]∥∥∥∥
≤ min

µ∈C+

min
‖[x>1 ,x>2 ]‖=1

{∥∥∥∥[x>1 , x
>
2 ]

[
µI − Φk B1 0
−A21 B2 µI −A22

]∥∥∥∥+
∥∥x>1 rk∥∥}

≤ min
µ∈C+

min
‖[x>1 ,0>]‖=1

{∥∥∥∥[x>1 , 0>]

[
µI − Φk B1 0
−A21 B2 µI −A22

]∥∥∥∥+
∥∥x>1 rk∥∥}

≤ min
µ∈C+

min
‖x1‖=1

∥∥x>1 [µI − Φk, B1]
∥∥+ ‖x̌>1 rk‖ (10)

= τ(Φk, B1) + ‖x̌>1 rk‖, (11)

with x1 = x̌1 minimizing the first term in (10). The inequality (11) leads to the following theorem:

Theorem 2.2 (Stabilizability) With τ and x̌1 respectively from (9) and (10), if τ(A,B) >
‖x̌>1 rk‖ then {Φk, B1} inherits the stabilizability of {A,B}.

We speculate that x̌1 is “top-heavy” (dominated by the first few components), so ‖x̌>1 rk‖ is
diminishing for the stagnating bottom-heavy rk. We have some supporting evidence on this from
the numerical examples in Section 4.

2.2.2 Detectability

We next consider the detectability of {A,C} and its projection {Φk, C1}. From (6), with τ from
(9) and y ≡ [y>1 , y

>
2 ]>, we measure the distance of {A,C} from undetectability by

τ(A>, C>) = min
µ∈C+

min
‖y‖=1

∥∥∥∥∥∥
 µI − Φk −rkv>k+1P2

−A21 µI −A22

CP1 0

 y
∥∥∥∥∥∥

≤ min
µ∈C+

min
‖y‖=1


∥∥∥∥∥∥
 µI − Φk 0
−A21 µI −A22

C1 0

[ y1
y2

]∥∥∥∥∥∥+ ‖rkv>k+1P2y2‖

 . (12)

Let µ̃ and [ỹ>1 , ỹ
>
2 ]> optimize the first term in (12). With y̌2 ≡ v>k+1P2ỹ2, when

τ(A>, C>) > ‖rky̌2‖, (13)
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(12) implies that µI−A22 is nonsingular. Denote η(µ) ≡ −(µI−A22)−1A21, Ψ(µ) ≡
[

I 0
η(µ) I

]
and w ≡ Ψ(µ)y, (12) implies

τ(A>, C>) ≤ min
µ∈C+

min
y 6=0


∥∥∥∥∥∥
 µI − Φk 0

0 µI −A22

C1 0

Ψ(µ)y

∥∥∥∥∥∥ · 1

‖y‖

+ ‖rky̌2‖

= min
µ∈C+

min
w 6=0


∥∥∥∥∥∥
 µI − Φk 0

0 µI −A22

C1 0

w
∥∥∥∥∥∥ · ‖Ψ(µ)−1w‖−1

+ ‖rky̌2‖

≤ min
µ∈C+

min
w1 6=0


∥∥∥∥∥∥
 µI − Φk 0

0 µI −A22

C1 0

[ w1

0

]∥∥∥∥∥∥ ·
∥∥∥∥Ψ(µ)−1

[
w1

0

]∥∥∥∥−1
+ ‖rky̌2‖

= min
µ∈C+

min
w1 6=0

{∥∥∥∥[ µI − Φk
C1

]
w1

∥∥∥∥ · ∥∥∥∥[ w1

(µI −A22)−1A21w1

]∥∥∥∥−1
}

+ ‖rky̌2‖

≤ min
µ∈C+

min
w1 6=0

{∥∥∥∥[ µI − Φk
C1

]
w1

∥∥∥∥ · 1

‖w1‖

}
+ ‖rky̌2‖

= min
µ∈C+

σmin

[
µI − Φk
C1

]
+ ‖rky̌2‖ = τ(Φ>k , C

>
1 ) + ‖rky̌2‖. (14)

The inequalities in (13) and (14) lead to the following theorem:

Theorem 2.3 (Detectability) If (13) holds then {Φk, C1} inherits the detectability of {A,C}.

We speculate that ‖y̌2‖ is diminishing for the increasing k, thus fulfilling (13). There is supporting
evidence for this in Section 4.

By Theorems 2.2 and 2.3, when the CARE (1) is solvable with the unique stabilizing p.s.d. so-
lution, the pCARE (5) inherits the unique solvability. The system {A,B,C} is required to satisfy
τ(A,B) > ‖x̌>1 rk‖ and τ(A>, C>) > ‖rky̌2‖, slightly stronger conditions than being merely sta-
bilizable and detectable when the right-hand-sides are small.

If the pCARE (5) is stabilizable and detectable, its unique stabilizing p.s.d. solution Yk exists.
However, we cannot determine whether the approximate solution Xk = P1YkP

>
1 for (1) (which is

obviously p.s.d.) is stabilizing. This requires further consideration as in Sections 2.2.3 and 2.2.4
below. Note that the inheritance of stabilizability and detectability holds for any Krylov subspace
methods for which the Arnoldi relationship (4) is satisfied.

2.2.3 Stability

We consider the stability of the Hamiltonian and certain feedback matrices in this section. Stabi-
lizability and detectability are only sufficient conditions for the existence of the unique stabilizing
p.s.d. solution to a CARE [35, 41]. We may consider directly the effect of projection on the
stability of the associated Hamiltonian matrix H in (2), or the distance of its spectrum from the
imaginary axis. An appropriate tool is the stability radius or margin [13, 25, 29, 31, 34, 53]:

ψ(M) ≡ min {‖E‖ : M + E is unstable} = min
ω∈R

σmin(M − ωıI).
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It is well known that Λ(H) is the union of the stable and anti-stable subspectra Λ(Ac) and
Λ(−Ac) respectively [35, 41]. Therefore the stability radius ψ(Ac) = minω∈R σmin(Ac − ıωI),
the magnitude of the minimal perturbation to Ac which pushes it over to instability, is a good
measure of solvability of the CARE (1). The estimation of ψ is nontrivial.

Recall when (7) holds, we have ‖Xk − X‖ ≤ 2‖L−1‖‖Rk‖ from (8). With c1 ≡ 2‖L−1‖‖G‖
and Ack ≡ A−GXk, techniques similar to those in Sections 2.2.1 and 2.2.2 produce

ψ(Ac) ≤ ψ(Ack) + ‖G(Xk −X)‖ ≤ ψ(Ack) + c1‖Rk‖. (15)

Consequently from (15), if
ψ(Ac) > c1‖Rk‖, (16)

then Ack is c-stable. Continuing further, with (6), z = [z>1 , z
>
2 ]> and Φck ≡ Φk −G11Yk, we have

ψ(Ack) = ψ

[
Φk −G11Yk rkv

>
k+1P2

A21 − P>2 GP1Yk A22

]
≤ min

ω∈R
min
‖z‖=1

{∥∥∥∥z> [ Φck − ıωI 0
A21 − P>2 GP1Yk A22 − ıωI

]∥∥∥∥+ ‖z>1 rk‖
}
,

≤ min
ω∈R

min
‖z1‖=1

{∥∥∥∥[z>1 , 0]

[
Φck − ıωI 0

A21 − P>2 GP1Yk A22 − ıωI

]∥∥∥∥+ ‖z>1 rk‖
}

= min
ω∈R

min
‖z1‖=1

∥∥z>1 (Φck − ıωI)
∥∥+ ‖ž>1 rk‖ = ψ(Φck) + ‖ž>1 rk‖, (17)

where z1 = ž1 optimizes the first term in (17). So when

ψ(Ack) > ‖ž>1 rk‖, (18)

we have ψ(Φck) > 0 and the stabilizing property of Xk passes on to Yk. If

ψ(Ac) > ‖ž>1 rk‖+ c1‖Rk‖, (19)

(which implies (16)) then (15) and (17) imply that Yk is stabilizing and Φck is c-stable. We
summarize in the following theorem on ψ:

Theorem 2.4 (Stability) (a) Assume (7) and (19) (or only (18)), and that a symmetric solu-
tion Yk exists for the pCARE (5), then Φck is c-stable. The pCARE is equivalent to a Hamiltonian
eigenvalue problem (as in [7]), which possesses a unique stabilizing p.s.d. solution Yk.
(b) If (7) and (16) (or only (18)) hold, then Ack is c-stable.

Proof. Assuming (18) (or alternatively (7) and (19)), (15) and (17) imply that Φck is c-stable.
Recall that any stabilizing solution of an ARE is unique. Rewriting the pCARE (5) as
Φc>k Yk + YkΦck + YkG11Yk + H11 = 0, properties of Lyapunov equations [35] imply Yk is p.s.d..
The pCARE (5) can be rearranged as the Hamiltonian eigenvalue problem:

Hk
[

I
Yk

]
=

[
I
Yk

]
Φck, Hk ≡

[
Φk −G11

−H11 −Φ>k

]
. (20)

The solvability of the pCARE (5) follows from the c-stable invariant subspace in (20), the prop-
erties of the Hamiltonian matrix Hk and the c-stability of Φck. When (7) and (16) hold, (15) leads
to the result in (b), which (18) trivially implies. �
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Thus Φck inherits the stability of Ac and Yk is stabilizing when Ac (or Ack) is more than a
distance of ‖ž>1 rk‖ + c1‖Rk‖ (or ‖ž>1 rk‖) from instability. Note that the conditions in (16) for
(b) is not explicitly dependent on rk and (18) for (b) is weaker than (19) for (a). We speculate
that ž1 is top-heavy and ‖ž>1 rk‖ is diminishing in (16) and (19) as k increases. Some supporting
evidence has been observed in Section 4.

When Φck is c-stable, without {Φk, B1, C1} being stabilizable or detectable, the pCARE (5) is
equivalent to the Hamiltonian eigenvalue problem (20), which can be solved by any eigen-solver
as in [36]. It is unlikely that other methods are applicable to the pCARE (5) unconditionally.

2.2.4 Perturbation

We investigate the pCARE (5) via the related perturbed CAREs in Xk [48, Proposition 5.1]:

(Âk)>Xk +XkÂk −XkGXk +H = 0, (21a)

⇔ A>Xk +XkA−XkGXk + (H −Rk) = 0, (21b)

with Âk ≡ A − P1rkv
>
k+1 and Rk ≡ C(Xk) = vk+1r

>
k P
>
1 Xk + XkP1rkv

>
k+1. This inheritance

property comes from the perturbation theory of CAREs. We only assume the perturbed CAREs
in (21) have a symmetric solution X̃, without knowing whether it is unique, stabilizing or p.s.d..

In [51, Lemma 2.2], the effects of perturbation on approximate solutions of CAREs have been
studied. Here we perturb the CARE (1) to the perturbed CARE (21b) and analyze the resulting
error, under the assumption that the perturbation is “small” (as specified in (22)). The solvability
of the perturbed CARE (21b) follows from that of (1). The proof relies on the smallness of the
error in the solution, the conditions the error satisfies and the Brouwer fixed-point theorem.

Theorem 2.5 (Perturbation) Let X be the unique stabilizing p.s.d. solution to the CARE (1)

and X̃ be a symmetric solution to the perturbed CARE (21). Recall that the Lyapunov operator
L(·) ≡ Ac>(·) + (·)Ac in Sn associated with the c-stable Ac. If the residual Rk ≡ C(Xk) satisfies

4‖L−1‖‖L−1(Rk)‖‖G‖ < 1, (22)

then X̃ = Xk is the unique symmetric stabilizing solution to the perturbed CARE (21b), where
the error satisfies

‖Xk −X‖ ≤ ξ∗ ≡
2‖L−1(Rk)‖

1 +
√

1− 4‖L−1‖‖L−1(Rk)‖‖G‖
. (23)

Proof. We adapt the techniques in [51, Lemma 2.2]. With L being invertible, consider the
equation L(Z) = ZGZ +Rk, which is equivalent to

Z = Υ(Z) ≡ L−1(ZGZ) + L−1(Rk). (24)

For the fixed point of Υ, with ξ ≡ ‖Z‖ and applying norms to (24), we obtain

0 ≤ q(ξ) ≡ ‖L−1‖‖G‖ ξ2 − ξ + ‖L−1(Rk)‖. (25)

The inequality is satisfied for all ξ ≤ ξ∗, where ξ∗ is the smaller root of q(ξ) under (22):

ξ∗ =
1−

√
1− 4‖L−1‖‖G‖‖L−1(Rk)‖

2‖L−1‖‖G‖
=

2‖L−1(Rk)‖
1 +

√
1− 4‖L−1‖‖L−1(Rk)‖‖G‖

.
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From (24) and (25), with ξ ≡ ‖Z‖ ≤ ξ∗, we have ‖Υ(Z)‖ ≤ q(ξ) + ξ ≤ q(ξ∗) + ξ∗ = ξ∗.
Consequently, the function Υ is continuous on the compact and convex set Bξ∗ ≡ {Z ∈ Sn :

‖Z‖ ≤ ξ∗}, within which a fixed point Z∗ exists. From (1), (21) and (24), X̃ = X + Z∗ is a

symmetric solution of (21b) satisfying (23). The stabilizing property of X̃ comes from A−GX̃ =

A−GX −G(X̃ −X) = Ac −G(X̃ −X), (23),

2‖L−1‖‖G(X̃ −X)‖ ≤ 2‖L−1‖‖G‖ ξ∗ ≤ 4‖L−1‖‖L−1(Rk)‖‖G‖ < 1,

and [51, Corollary 2.5]. So X̃ is the unique stabilizing solution to (21b) and equal to Xk. �

It is not obvious thatXk has the form P1YkP
>
1 but this can be proved as follows. By inspection,

with Âk ≡ A−P1rkv
>
k+1, the Krylov subspaces Kk(A>, C>, s) and Kk(Â>k , C

>, s) are both equal

to spanP1. The Arnoldi relationship (4) can be rearranged as Â>k P1 = P1Φ>k , where the rk term

is absorbed into Âk and the Arnoldi residual corresponding to Kk(Â>k , C
>, s) vanishes. This

implies that the solution P1YkP
>
1 to (21) from the projection method using spanP1 is exact and

equals to the unique symmetric solution Xk from Theorem 2.5.

Are Xk and Yk Stabilizing Positive Semi-Definite?

The positive semi-definiteness and stabilizing property of Xk and Yk, under different conditions,
form an interesting labyrinth which is dissected below. These conditions and selected equations
are tabulated first for easier references.

Eqt. No. Condition or Equation
(16) ψ(Ac) > c1‖Rk‖
(18) ψ(Ac

k) > ‖ž>1 rk‖
(19) ψ(Ac) > ‖ž>1 rk‖+ c1‖Rk‖

(20)

[
Φk −G11

−H11 −Φ>k

] [
I
Yk

]
=

[
I
Yk

]
Φc

k

(21a) (Âk)>Xk +XkÂk −XkGXk +H = 0
(21b) A>Xk +XkA−XkGXk + (H −Rk) = 0
(22) 4‖L−1‖‖L−1(Rk)‖‖G‖ < 1

(i) When ‖Rk‖ satisfies (22), Xk is stabilizing p.s.d. by Theorem 2.4 under (18). Similarly, Yk
is stabilizing p.s.d. under (16) and (19). The pCARE (5) is equivalent to the Hamiltonian
eigenvalue problem (20), without requiring {Φk, B1, C1} to be stabilizable or detectable.

(ii) Theorem 2.5 concludes that Xk = P1YkP
>
1 is stabilizing for (21b). Alternatively from (21a),

for the unique symmetric solution Yk of (5), consider

ψ(Ack) = min
ω∈R, ‖z‖=1

∥∥∥z>[Âk −GXk − ı ωI] + z>P1rkv
>
k+1

∥∥∥ ≤ ψ(Âck) + ‖ž>rk‖, (26)

where Âck ≡ Âk −GXk = A − P1rkv
>
k+1 −GXk, ž ≡ P>1 z̃ and z̃ is the left singular vector

in ψ(Âck) = minω σmin(Âk −GXk − ı ωI). If

ψ(Ack) > ‖ž>rk‖, (27)

then (26) implies that Âck is c-stable. The perturbed CARE (21a) can be rewritten as

Âc>k Xk + XkÂ
c
k + XkGXk + H = 0, and the properties of Lyapunov equations [35] imply
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Xk is the unique stabilizing p.s.d. solution of the perturbed CARE (21a). As k increases,
we speculate that ž is “top-heavy”, so ‖ž>rk‖ is diminishing in (27) for the bottom-heavy
rk. We have some supporting evidence in Section 41.

(iii) In summary, under (22), Xk = P1YkP
>
1 is the unique stabilizing solution to (21b). Under

(22) and (27), Xk = P1YkP
>
1 is the unique stabilizing p.s.d. solution to both (21a) and

(21b), respectively with Âck and Ack being c-stable.

(iv) As for Yk, under (22) and (27), (6) implies

0 < ψ(Âck) = ψ(A− P1rkv
>
k+1 −GXk) = ψ

[
Φk −G11Yk 0
A21 −G21Yk A22

]
≤ ψ(Φck), (28)

and Φck is c-stable. The pCARE (5), as a Lyapunov equation defined by Φck as in the proof
of Theorem 2.4, implies that Yk is the unique stabilizing p.s.d. solution. It can be solved as
a Hamiltonian eigenvalue problem as in (20).

Conditions (16) and (19) are dependent on the unknown X so are difficult to test, unlike (18)
and (27). The tests associated with x̌1 and y̌2 respectively for stabilizability (in Theorems 2.2) and
detectability (in Theorem 2.3) are a priori . Those involving ž1 and ž for stability are a posteriori .
Computationally, x̌1, ž1 ∈ Rnk are easier to estimate than the longer vectors ỹ2 ∈ Rn−nk and
z̃ ∈ Rn (respectively in y̌2 and ž).

3 Accuracy

There are some interesting results on the errors of rational Krylov subspace methods in [48], such
as the error in Xk (Theorem 4.1), the perturbed CARE which Xk satisfies (Proposition 5.1) and
the perturbation of the corresponding stable Hamiltonian invariant subspace (Proposition 6.1).
A link between projection methods and model order reduction can be found in [48, Section 3].

From the Arnoldi relationship (4) and C> ∈ spanP1, we have

P>2 C(Xk) = P>2 (A>P1YkP
>
1 + P1YkP

>
1 A+ P1YkP

>
1 GP1YkP

>
1 +H)

= P>2 (P1Φ>k + vk+1r
>
k )YkP

>
1 = P>2 vk+1r

>
k YkP

>
1 .

Together with the Galerkin condition P>1 C(Xk)P1 = 0, the residual satisfies

Rk = PP>C(P1YkP
>
1 )PP> = P

[
0 Ykrkv

>
k+1P2

P>2 vk+1r
>
k Yk 0

]
P>, (29)

as in [48, Proposition 5.1]. When considering the singular values of the matrix on the right of (29),
we obtain the result ‖Rk‖ = ‖Ykrk‖. This is revealing, especially when ‖rk‖ is large but ‖Rk‖
small. Notice that Yk is the coefficient matrix in Xk = P1YkP

>
1 for the Krylov basis vectors in P1.

Assume that the method is producing more accurate approximate solutions for increasing values
of k, as the Krylov subspaces improve by adding less useful components. Intuitively, this suggests
(Yk)ij → 0 as i, j increase, thus the condition number κ(Yk) ≡ σmax(Yk)/σmin(Yk) grows as k
increases. It indicates why ‖Rk‖ = ‖Ykrk‖ can be small even when rk stagnates and is significant
in the last few components. We have observed these properties of Yk and rk numerically.

1See also the heuristics on x̌1, y̌2, ž1 and ž in the Supplementary Materials.
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4 Numerical Examples

We present three examples to illustrate the inheritance properties of the Krylov subspace method
with Kk(A>, C>, s) in (3). We choose a constant shift sj = γ > 0 for all j as in [37], with γ chosen
approximately as the average magnitude of the components of A. For more elaborate strategies
for s, consult [5, 17, 23, 48]. Furthermore, we add basis vectors from Kk((A− γI)>, C>) which
improve the efficiency of the computations while retaining the Arnoldi relationship (4), similar to
the extended Krylov subspaces [24]. The performance of the Krylov subspace seems acceptable,
for our purpose in illustrating the inheritance properties.

Example 1 is quoted from [26, Example 1], originally designed to illustrate the difficulties
from the stagnating rk. Actually ‖rk‖ is small relative to the large stability radius. Examples 2
and 3 are artificially constructed. All examples are small enough that various quantities in the
inheritance properties can be estimated. We compute using MATLAB Ver. R2015b on a desktop
with an Intel Core i5 6200U CPU at 2.30GHz and 8 GB RAM.

Estimating τ and ψ

For τ(A,B) ≡ minµ∈C+
σmin(A− µI,B) in (9), from

σmin(A,B) ≥ min
µ∈C+

σmin(A− µI,B) = σmin(A− µoptI,B) ≥ |µopt| − ‖(A,B)‖, (30)

we obtain the bounds |µopt| ≤ ‖(A,B)‖ + σmin(A,B) ≤ 2‖(A,B)‖. Instead of µ ∈ C+ in the
definition, we search in a smaller bounded region S ≡ {µ ∈ C+ : |µ| ≤ 2‖(A,B)‖}, which is
divided into smaller sub-regions Si. We keep refining Si, searching in each for a suboptimal µi,
until the global minimum µopt = mini µi is obtained. The naive and trial-and-error procedure is
inefficient but robust. Obviously we cannot apply the technique to large problems.

For ψ(M) = minω∈R σmin(M − ıωI) from Section 2.2.3, techniques in (30) produce the bound
|ω| ≤ 2‖M‖. So we search in {ω ∈ R : |ω| ≤ 2‖M‖} instead of R. From [13], the bound
ψ(M) ≤ ‖M +M>‖/2 is also useful.

The MATLAB command fmincon has been applied in the estimation of τ and ψ. The results
are verified using the eigenvalue optimization software Eigopt [42], which implements the methods
in [11, 43]. Eigopt is faster than our naive approach and generally produces similar and accurate
estimates but cannot guarantee a global optimum. For similar computations associated with H∞
norm estimation, refer to [7].

Stability Test by Byers

For (18) and (27), we test whether ψ(Ack) > ζ holds with ζ = ‖ž>1 rk‖ and ‖ž>rk‖ respectively.
Instead of computing ψ (a difficult task as mentioned before) and testing directly, we may apply
[13, Theorem 1], that the Hamiltonian matrix

Hk(ζ) =

[
Ack −ζIn
ζIn −Ac>k

]
(31)

has no purely imaginary eigenvalue iff ψ(Ack) > ζ.
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4.1 Example 1 (Jbilou [26, Example 1])

From [26], with d = 0.5, we have B = rand(n, 4) (with the seed rand(‘state’,0)), C = I8×n
(the first 8 rows of In), R = Im (as in other examples) and

A = −



4 1− d 0 · · · 0 1
1 + d 4 1− d 0 · · · 0

0
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . 0

0 · · · 0
. . .

. . . 1− d
1 0 · · · 0 1 + d 4


.

We summarize the numerical results in Table 1, where ‖Rk‖ = ‖Ykrk‖, the normalized residual is

NRes ≡ ‖Rk‖
2‖A>P1Yk‖+ ‖YkG11Yk‖+ ‖H11‖

,

and “Rank” is the rank or width of P1. We terminate our computation when NRes < tol ck.
The norm of the Arnoldi residual ‖rk‖ = 1.5 stays constant for k = 2, · · · , 7 but the normalized

residual NRes achieves the machine accuracy of 8.1e−11 when k = 7 (and 8.8e−16 when k = 13).

k ‖rk‖ ‖x̌>1 rk‖ τ(Φk, B1) c2 + c3 ‖Rk‖ ‖rky̌1‖ τ(Φ>k , C
>
1 ) c6 + c7

1 1.0 0.4937 2.5321 3.0258 6.8142e−02 0.1218 2.6154 2.7371
2 1.5 0.2089 2.2384 2.4473 1.9000e−03 0.0476 2.2471 2.2947
3 1.5 0.0443 2.1792 2.2236 5.7914e−05 0.0288 2.1278 2.1566
4 1.5 0.0415 2.1451 2.1866 1.8888e−06 0.0184 2.0742 2.0926
5 1.5 0.2013 2.1170 2.3183 6.4307e−08 0.0129 2.0476 2.0605
6 1.5 0.1557 2.0763 2.2320 2.2558e−09 0.0097 2.0330 2.0427
7 1.5 0.1156 2.0491 2.1647 8.0907e−11 0.0076 2.0241 2.0317

Table 1: Example 1 (Stabilizability and Detectability) τ(A,B) = τ(A>, C>) = 2.00

In Table 1 for each k, approximately 4 to 5 seconds were required for solving the CARE
by the Krylov subspace method, including the estimation of x̌1, y̌1, τ(Φk, B1) and τ(Φ>k , C

>
1 ).

The estimation of τ(A,B) = 2.0001 (at µ = −1.0491 × 10−4ı) and τ(A>, C>) = 2.0000 (at
µ = −1.2453× 10−3ı) cost an additional 220 seconds.

On any row for a particular k, the entry in column 5 (or the sum of the entries in columns 3 and
4) should be greater than or equal to τ(A,B) as in (11). Similarly, the entry in column 9 should
be no less than τ(A>, C>) as in (14). Both hold for Examples 1–3 as shown in Tables 1, 3 and 5
respectively. For Theorems 2.2 and 2.3, we require respectively τ(A,B) > ‖x̌>1 rk‖ (in column 3)
and τ(A>, C>) > ‖rky̌2‖ (in column 7), which hold for all k. As rk stagnates, ‖Rk‖ diminishes
quickly, and ‖x̌>1 rk‖ and ‖rky̌2‖ decrease. We have observed the bottom-heavy behaviour of rk
and the top-heavy (or diminishing) behaviour of x̌1 (or y̌2), as suggested in Section 2.

The Hamiltonian matrices for the original and projected CAREs have no eigenvalues near
the imaginary axis. The distances from the Hamiltonian matrices to the imaginary axis fall
respectively in [1.9937, 6.6567] and [2.0484, 6.6550].

As τ(A,B), τ(A>, C>) ≈ 2 > ‖rk‖ ≈ 1.5 (k ≥ 2), the inheritance of stabilizability and
detectability follows from Theorems 2.2 and 2.3. We have estimated a large stability radius
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k ‖rk‖ ‖ž>1 rk‖ ψ(Φc
k) c2 + c3 ψ(Ac

k) ‖Rk‖ dk
1 1.0 4.9366e−01 2.5384 3.0321 1.8617 6.8142e−02 1.9335
2 1.5 2.9737e−01 2.1972 2.4946 1.8517 1.9000e−03 1.9738
3 1.5 2.0364e−01 2.1068 2.3105 1.8516 5.7914e−05 1.9857
4 1.5 1.5364e−01 2.0745 2.2282 1.8515 1.8888e−06 1.9902
5 1.5 1.3574e−01 2.0513 2.1870 1.8515 6.4307e−08 1.9915
6 1.5 1.0833e−01 2.0358 2.1442 1.8515 2.2558e−09 1.9932
7 1.5 8.7261e−02 2.0254 2.1127 1.8515 8.0907e−11 1.9943

k ‖rk‖ ‖ž>rk‖ ψ(Âc
k) c2 + c3 ψ(Ac

k) ‖Rk‖ dk
1 1.0 2.0390e−01 1.8990 2.1029 1.8617 6.8142e−02 1.9854
2 1.5 6.5374e−02 1.8556 1.9210 1.8517 1.9000e−03 1.9951
3 1.5 1.7432e−02 1.8524 1.8698 1.8516 5.7914e−05 1.9961
4 1.5 9.6711e−03 1.8518 1.8615 1.8515 1.8888e−06 1.9962
5 1.5 1.4274e−02 1.8522 1.8665 1.8515 6.4307e−08 1.9961
6 1.5 1.5203e−02 1.8524 1.8676 1.8515 2.2558e−09 1.9961
7 1.5 1.5098e−02 1.8521 1.8672 1.8515 8.0907e−11 1.9961

Table 2: Example 1 (Stability Radius) with ζ = ‖ž>1 rk‖ or ‖ž>rk‖ in Hk

ψ(Ack) > 1.8 > ‖rk‖ ≈ 1.5 (k ≥ 2; see Table 2), indicating an “easy” CARE. The ranks of P1,
thus the execution times required, are small. From the numerical results, ‖rk‖ is actually small
relative to τ(A,B), τ(A>, C>) and ψ(Ack) for moderate values of k. The diminishing Rk yields
accurate approximate solutions Xk.

In Table 2, we illustrate the stabilizing property of Xk. The top half of the table checks (17)
and the bottom half tackles (26), displaying quantities defined in Section 2.2 and dk which is the
minimum absolute value of the real parts of the eigenvalues of Hk in (31). On any row, the 5th
entry should be no less than the 6th. Conditions (18) and (27) are verified directly, as well as
by [13, Theorem 1] with dk 6= 0, which indicates no purely imaginary eigenvalues for Hk in (31).
The diminishing nature of ‖ž>1 rk‖ and ‖ž>rk‖ as well as the top-heaviness of ž1 and ž have been
observed. The estimation of ψ(Φck) and ž1 required 0.14 to 0.54 second for each k while that for

ž and ψ(Ack) or ψ(Âck) required 18.6 to 43.3 seconds.

4.2 Example 2 [24, Example 4.1]

The matrix A is obtained from the central finite difference discretization of

L(u) = ∆u− 10y
∂u

∂x
− 2x

∂u

∂y
− (y2 − x2)u,

on the unit square [0, 1]×[0, 1] with homogeneous Dirichlet boundary conditions. The dimension of
A is n = n20, where n0 is the number of inner grid points in each spatial direction. The entries of B
and C are uniformly distributed on [0, 1] (with the seed rand(‘state’,0)). For the small example
with n = 36 and m = l = 2, we are able to estimate τ(A,B), τ(A>, C>) and other quantities
in Tables 3 and 4. For the verification of (11) and (14), we estimated that τ(A,B) = 0.4233 at
µ = (2.0399− 2.6186 ı)× 10−8 and τ(A>, C>) = 0.4198 at µ = (2.0310− 2.1754 ı)× 10−8.

We illustrate the inheritance of stabilizability and detectability in Table 3 and the stabilizing
property of Xk in Table 4, which exhibit similar behaviour as in Tables 1 and 2 respectively for
Example 1. The stagnation of rk, the convergence of ‖Rk‖, and the inequalities (11), (14), (17)
and (26) are evident. We have also observed the bottom-heavy nature of rk and the top-heaviness
of x̌1, ž1 and ž, as well as the diminishing behaviour of ỹ2.
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k ‖rk‖ ‖x̌>1 rk‖ τ(Φk, B1) c3 + c4 ‖Rk‖ ‖rky̌2‖ τ(Φ>k , C
>
1 ) c7 + c8

1 0.1991 0.1962 0.7850 0.9811 7.3013e−03 0.0214 1.8402 1.8616
2 0.2391 0.1300 0.4688 0.5988 1.1276e−04 0.0067 0.4794 0.4861
3 0.2259 0.0470 0.4574 0.5044 2.1826e−06 0.0130 0.4597 0.4727
4 0.2310 0.0224 0.4502 0.4726 4.0205e−08 0.0144 0.4555 0.4699
5 0.1372 0.0116 0.4415 0.4531 2.0645e−10 0.0013 0.4511 0.4524

Table 3: Example 2 (Stabilizability and Detectability) τ(A,B) = 0.4233, τ(A>, C>) = 0.4198

k ‖rk‖ ‖ž>1 rk‖ ψ(Φc
k) c3 + c4 ψ(Ac

k) ‖Rk‖ dk
1 0.1991 1.9630e−01 0.9466 1.1429 0.3498 7.3013e−03 4.5002e−01
2 0.2391 1.2977e−01 0.4677 0.5975 0.3386 1.1276e−04 4.8193e−01
3 0.2259 3.0297e−02 0.4572 0.4875 0.3385 2.1826e−06 5.0191e−01
4 0.2310 2.1032e−02 0.4509 0.4720 0.3385 4.0205e−08 5.0249e−01
5 0.1372 1.5206e−02 0.4421 0.4573 0.3385 2.0645e−10 5.0275e−01

k ‖rk‖ ‖ž>rk‖ ψ(Âc
k) c3 + c4 ψ(Ac

k) ‖Rk‖ dk
1 0.1991 1.3409e−01 0.3606 0.4947 0.3498 7.3013e−03 4.7675e−01
2 0.2391 2.5828e−02 0.3384 0.3642 0.3386 1.1276e−04 5.0218e−01
3 0.2259 1.6532e−02 0.3380 0.3546 0.3385 2.1826e−06 5.0270e−01
4 0.2310 2.1692e−02 0.3375 0.3592 0.3385 4.0205e−08 5.0246e−01
5 0.1372 9.9248e−04 0.3392 0.3402 0.3385 2.0645e−10 5.0303e−01

Table 4: Example 2 (Stability Radius)

4.3 Example 3

We construct this small example to illustrate the inheritance properties, whereA = tridiag(1,−2, 1)
and B = C> = e1, the first column of In. For n = 36 in Table 5, we estimate that τ(A,B) =
τ(A>, C>) = 0.0110, both at µ = 5.3508× 10−7 + 5.1238× 10−10ı.

k ‖rk‖ ‖x̌>1 rk‖ τ(Φk, B1) c3 + c4 ‖Rk‖ ‖rky̌2‖ τ(Φ>k , C
>
1 ) c7 + c8

1 1.0000 1.0000e+00 2.2361 3.2361 1.1180e−01 9.7117e−01 2.2361 3.2072
2 0.9998 1.8370e−01 0.1371 0.3208 1.9595e−02 1.7314e−01 0.1371 0.3102
3 0.9976 3.4579e−02 0.0167 0.0513 4.1449e−03 3.0597e−02 0.0167 0.0473
4 0.9923 8.1170e−03 0.0112 0.0193 8.7056e−04 6.6748e−03 0.0112 0.0179
5 0.9841 9.6034e−04 0.0110 0.0119 1.6076e−04 7.3198e−04 0.0110 0.0117
6 0.9727 5.0796e−05 0.0110 0.0110 2.4785e−05 3.5746e−05 0.0110 0.0110
7 0.9575 1.4210e−06 0.0110 0.0110 3.1125e−06 9.1824e−07 0.0110 0.0110
8 0.9376 2.2997e−08 0.0110 0.0110 3.1295e−07 1.3552e−08 0.0110 0.0110
9 0.9123 2.2555e−10 0.0110 0.0110 2.4795e−08 1.2017e−10 0.0110 0.0110
10 0.8803 1.3719e−12 0.0110 0.0110 1.5204e−09 6.5385e−13 0.0110 0.0110
11 0.8405 5.1926e−15 0.0110 0.0110 7.0545e−11 2.1553e−15 0.0110 0.0110

Table 5: Example 3 (Stabilizability and Detectability) τ(A,B) = τ(A>, C>) = 0.0110

Tables 5 and 6 for Example 3 exhibit similar behaviour as in Tables 1 and 2 respectively for
Example 1. The stagnation of rk, the convergence of ‖Rk‖, and the inequalities (11), (14), (17)
and (26) are evident. We have also observed the bottom-heavy nature of rk and the top-heaviness
of x̌1, ž1 and ž, as well as the diminishing behaviour of ỹ2. However, conditions (18) and (27)
respectively for Theorems 2.2 and 2.3 are violated for k ≤ 3. Coincidentally the stability tests in
Table 6 failed also for k ≤ 3, with some negligible dk in the last column.
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k ‖rk‖ ‖ž>1 rk‖ ψ(Φc
k) c3 + c4 ψ(Ac

k) ‖Rk‖ dk
1 1.0000 1.0000e+00 2.2361 3.2361 0.0073 1.1180e−01 2.7756e−17
2 0.9998 1.6353e−01 0.0744 0.2379 0.0076 1.9595e−02 3.4694e−18
3 0.9976 2.2605e−02 0.0099 0.0325 0.0074 4.1449e−03 1.9949e−16
4 0.9923 4.5954e−03 0.0075 0.0121 0.0074 8.7056e−04 5.7948e−03
5 0.9841 4.4250e−04 0.0074 0.0078 0.0074 1.6076e−04 7.3816e−03
6 0.9727 1.5932e−05 0.0074 0.0074 0.0074 2.4785e−05 7.3949e−03
7 0.9575 7.1173e−07 0.0074 0.0074 0.0074 3.1125e−06 7.3949e−03
8 0.9376 2.6699e−08 0.0074 0.0074 0.0074 3.1295e−07 7.3949e−03
9 0.9123 2.7331e−09 0.0074 0.0074 0.0074 2.4795e−08 7.3949e−03
10 0.8803 1.7268e−10 0.0074 0.0074 0.0074 1.5204e−09 7.3949e−03
11 0.8405 8.3688e−12 0.0074 0.0074 0.0074 7.0545e−11 7.3949e−03

k ‖rk‖ ‖ž>rk‖ ψ(Âc
k) c3 + c4 ψ(Ac

k) ‖Rk‖ dk
1 1.0000 9.1872e−03 0.0076 0.0168 0.0073 1.1180e−01 7.0094e−17
2 0.9998 3.7412e−02 0.0208 0.0582 0.0076 1.9595e−02 4.4669e−17
3 0.9976 2.3222e−02 0.0099 0.0331 0.0074 4.1449e−03 1.8648e−17
4 0.9923 4.6530e−03 0.0075 0.0121 0.0074 8.7056e−04 5.7487e−03
5 0.9841 4.4583e−04 0.0074 0.0078 0.0074 1.6076e−04 7.3814e−03
6 0.9727 1.6026e−05 0.0074 0.0074 0.0074 2.4785e−05 7.3949e−03
7 0.9575 7.1318e−07 0.0074 0.0074 0.0074 3.1125e−06 7.3949e−03
8 0.9376 2.6685e−08 0.0074 0.0074 0.0074 3.1295e−07 7.3949e−03
9 0.9123 2.7331e−09 0.0074 0.0074 0.0074 2.4795e−08 7.3949e−03
10 0.8803 1.7268e−10 0.0074 0.0074 0.0074 1.5204e−09 7.3949e−03
11 0.8405 8.3680e−12 0.0074 0.0074 0.0074 7.0545e−11 7.3949e−03

Table 6: Example 3 (Stability Radius)

5 Conclusions

An analysis of the Krylov subspace methods has been presented. The inheritance properties
of stabilizability and detectability (when ‖x̌>1 rk‖ (or ‖rky̌2‖) is small relative to τ(A,B) (or
τ(A>, C>))), and other conditions of solvability for CAREs, have been investigated. One result
from the perturbation theory dependent explicitly on Rk but not rk. (As x̌1, y̌2, ž1 and ž all have
norms less than or equal to unity, the associated inheritance properties hold if ‖rk‖ is small.)

We have presented some numerical results for a particular Krylov subspace. A comprehensive
comparison of different Krylov subspaces is a worthwhile but large project for the future. We
would like to further illustrate numerically the inheritance properties associated with AREs.
However, the estimation of the distances to unstabilizability and undetectability or the stability
radius is difficult, especially for large-scale problems. Studies of inheritance properties for other
types of Riccati equations and related linear matrix equations are also possible.

We have been motivated by the assumptions of the solvability of the pCARE in existing
literature, and we explore other possibilities. Applicability of the results in the paper is dependent
on the particular applications and the preferences of the users. Not all possibilities have been
explored, many problems are left unsolved and much more has to be done. At best, we have
enriched slightly the theory behind the Krylov subspace methods for the solution of CAREs.
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[3] p. benner and z. bujanović, On the solution of large-scale algebraic Riccati equations by
using low-dimensional invariant subspaces, Lin. Alg. Applic., 488 (2016) 430–459.

[4] p. benner, z. bujanović, p. kürschner and j. saak, RADI: A low-rank ADI-type
algorithm for large-scale algebraic Riccati equations, Numer. Math., 138 (2018) 301–330.
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Heuristics on x̌1, y̌2, ž1 and ž

Motivated by the diminishing ‖Rk‖ = ‖Ykrk‖ in Section 3 (references are made to information
from the paper), possibly the result of the “top-heaviness” of Yk and the “bottom-heaviness” of
the stagnating rk, the speculation on the smallness of ‖x̌>1 rk‖, ‖rky̌2‖, ‖ž>1 rk‖ and ‖ž>rk‖ may
be understood with the following heuristics.

For x̌1 in Theorem 2.2, recall the link between the projection methods and model order
reduction as suggested in [48, Section 3]. In (10), let k′ < k and

[Φk, B1] =

[
Φk′ Φ

(12)
k B

(1)
1

Φ
(21)
k Φ

(22)
k B

(2)
1

]
. (32)

With x̌1 = [x̌
(1)>
1 , x̌

(2)>
1 ]> and µ̌ ∈ C+ optimizing the first term in (10), consider

τ(Φk, B1) = min
µ∈C+

min
‖x1‖=1

∥∥x>1 [µI − Φk, B1]
∥∥

= min
µ∈C+

min
‖x1‖=1

∥∥∥∥∥x>1
[
µI − Φk′ −Φ

(12)
k B

(1)
1

−Φ
(21)
k µI − Φ

(22)
k B

(2)
1

]∥∥∥∥∥
=

∥∥∥x̌(1)>1 [µ̌I − Φk′ ,−Φ
(12)
k , B

(1)
1 ] + x̌

(2)>
1 [−Φ

(21)
k , µ̌I − Φ

(22)
k , B

(2)
1 ]
∥∥∥ . (33)

Assume that [−Φ
(21)
k , µ̌I − Φ

(22)
k , B

(2)
1 ] in (33) is full-rank, which is generically true. When the

essence of {A,B} is represented adequately by the reduced system {Φk′ , B(1)
1 } for a large enough

k′, the stabilizability of {Φk, B1} is represented accurately by that of {Φk′ , B(1)
1 }. The distance

from unstabilizability τ(Φk, B1) is converging with respect to k and will not be influenced much

by Φ
(21)
k , Φ

(22)
k or B

(2)
1 . This holds iff x̌

(2)>
1 [−Φ

(21)
k , µ̌I − Φ

(22)
k , B

(2)
1 ] ≈ 0 in (33) or x̌

(2)
1 ≈ 0. So

x̌1 is top-heavy and ‖x̌>1 rk‖ is small for the stagnating rk in Theorem 2.2.
For ž1 in (17), a similar heuristic may apply for ‖ž>1 rk‖ in (18). Assume that the (i, j)-

component in Yk is diminishing as i, j increase, thus E = Yk −
[
Yk′ 0
0 0

]
is negligible for a large

enough k′. In (17), with k′ < k, ω̌ ∈ R and Φk partitioned as in (32), we have

Φck − ıω̌I = Φk − YkG11 − ıω̌I

=

[
Φk′ Φ

(12)
k

Φ
(21)
k Φ

(22)
k

]
−
{[

Yk′ 0
0 0

]
+ E

}[
Gk′ G

(12)
k

G
(21)
k G

(22)
k

]
− ıω̌I

=

[
Φk′ − Yk′Gk′ − ıω̌I Φ

(12)
k − Yk′G(12)

k

Φ
(21)
k Φ

(22)
k − ıω̌I

]
+O(‖E‖)

=

[
Φck′ − ıω̌I Φ

(12)
k − Yk′G(12)

k

Φ
(21)
k Φ

(22)
k − ıω̌I

]
+O(‖E‖).

With ž1 = [ž
(1)>
1 , ž

(2)>
1 ]> being the left singular vector in (17), analogous to (33), we have

ψ(Φck) =
∥∥∥ž(1)>1 [Φck′ − ıωI,Φ

(12)
k − Yk′G(12)

k ] + ž
(2)>
1 [Φ

(21)
k ,Φ

(22)
k − ıω̌I]

∥∥∥ .
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Assume that [Φ̃
(21)
k , Φ̃

(22)
k ] is full-rank, which is generically true, and ‖E‖ is negligible. The stability

radius ψ(Φck) is approximately equal to ψ(Φck′), which is true iff ž
(2)>
1 [Φ

(21)
k ,Φ

(22)
k − ıω̌I] ≈ 0 or

ž
(2)
1 ≈ 0. So ž1 is top-heavy and ‖ž>1 rk‖ diminishes in (18) and (19).

For z̃ in (27), with ω̃ ∈ R and ž ≡ P>1 z̃ = [ž(1)>, ž(2)>]> from (26) and (28), consider

ψ(Âck) = ‖z̃>(Âck − ıω̃I)‖ = ‖ž(1)>(Φck − ıω̃I) + ž(2)>[A21 −G21Yk, A22]‖.

Assume that [A21−G21Yk, A22] is full-rank, which is generically true. The stability radius ψ(Âck)
is approximately equal to ψ(Φck) iff ž(2)>[A21 − G21Yk, A22] ≈ 0 or ž(2) ≈ 0. So ž is top-heavy
and ‖ž>rk‖ diminishes in (27).

For y̌2 in (13), considering Φk and A22 respectively as representations of the reduced and
complementary subsystems, ỹ2 is part of the singular vector associated with A22 corresponding
to the minimum singular value in the first term of (12). In a successful Krylov subspace method,
the system {A,C} is represented increasingly better by {Φk, C1} for the increasing k, with A22

having little influence. In (12), with a generically nonsingular µ̃I − A22, (µ̃I − A22)ỹ2 ≈ 0 or
ỹ2 ≈ 0. Thus y̌2 ≡ v>k+1P2ỹ2 diminishes in norm in (13).

From numerical experiments, we have supporting evidence for the top-heaviness of x̌1, ž1 and
ž and the diminishing nature of ‖x̌>1 rk‖, ‖rky̌2‖, ‖ž>1 rk‖ and ‖ž>rk‖, with respect to increasing
values of k. We do not have a rigorous mathematical argument, just a pointer to future research.
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一、 參加會議經過      

    由於本屆 EASIAM 2018國際學術會議的第一天(6月 22日)並無安排任何

學術活動，僅提共簡單的茶會歡迎各國與會貴賓，並且於 6月 23日星期六早

上舉行大會開幕式。因此我們決定於 22日下午 1:00搭乘國泰航空 CX0450班

機從台北桃園機場出發，於當地時間下午5:20左右抵達日本東京成田(Narita)

機場，因本人為重度視障人士，故邀請中研院統計所博士後研究員翁章譯博

士擔任隨行看護，搭乘同一航班前往東京大學開會。經由翁博士熱心地幫助

與導引下，搭乘日本當地 JR幹線前往錦系町附近的東武飯店(Tobu Hotel)入
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住三晚，並且準時報到參加在東京大學辦為期四天的 EASIAM 2018學術研討

會。雖說為期四日的研討會議程，但是實際的學術活動日是安排在 6月 23至

25日中午結束，為期兩天半的開會時間。 

    與會期間，主辦單位除了精心安排一位重量級的大會邀請講員，提供精

彩有趣的 60分鐘演講之外，另外分別於 6月 23日至 25日上午安排總共六場

的 40分鐘邀請演講，以及數十場的 25分鐘平行短演講。本人也有幸被大會

安排在第三天議程(6月 24日當地時間下午 5:55-6:20)提供 25分鐘短演講。

此外，主辦單位於 24日晚上在校外餐廳舉行晚宴歡迎各國與會嘉賓，並且頒

發學生最佳論文獎項。四天會期結束後，我們於 25日(星期一)當地時間下午

3:40搭乘國泰航空 CX0451班機，經過 3小時 45分鐘左右的飛行時間，最後

於台灣時間下午 6:25返抵國門。 

 

二、 與會心得 

    EASIAM是美國著名 SIAM學會(Society for Industrial and Applied 

Mathematics)的東亞地區分會(East Asia Section)，主要推動與提供東亞各

國在工業與應用數學領域的專家學者一個重要的學術交流園地。此次第 13屆

EASIAM 2018國際學術會議於 6月 22至 25日在日本東京大學盛大舉行，參與

會議的學者涵蓋台灣、中國大陸和港澳地區、日本、韓國、菲律賓以及東協

各國等重要經濟體。本會研究方向在科學、工程、科技與社會科學等領域均



有許多實際的應用問題可與應用數學家切磋討論，個人覺得 EASIAM學會每年

提供東亞地區工業界與應用數學研究者間良性互動的學術交流平台，相信在

未來的日子裡，該會的學術聲望和參與人數逐年提升是指日可待的。 

    除了大會邀請演講和自己作報告的時間以外，大部分的時間都在聆聽其他

學者在 parallel session中的工作報告，其中對於具有偏微分方程式(PDE)限

制條件的優化問題、具有 M-張量結構特的線性系統求解問題、具有 blow up

解的微分方程式(ODE)求解問題等議題感到濃厚的興趣，讓我增廣見聞且獲益

匪淺。深切期望未來仍可獲得科技部的經費補助，再次前往 EASIAM舉辦的國

際學術會議，與他國學者分享個人最近的研究工作成果。 

 

三、發表論文之英文摘要 

   In this talk we consider the numerical solution of large-scale 

continuous-time algebraic Riccati equations arisen from the LQG optimal 

control problems. We propose a projection method from a rational Krylov 

subspace interpretation of the doubling algorithm. More importantly, we 

prove that the solvability of the projected algebraic Riccati equation does 

not have to be assumed but is inheritted, under mild and reasonable 

assumptions. Some numerical examples are presented for illustrating the 

inheritance properties of the proposed method. 
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