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中 文 摘 要 ： 混和廻歸又稱為切換式廻歸或群集廻歸，主要是用來判斷當資料存
在隠性分群變數時因變數及獨立變數間的函數關係，目前混和廻歸
己被廣泛應用到許多不同的領域，例如經濟學、生物科學、流行病
學以及工程等，且長久以來是以模型導向的集群研究者的研究主題
。在集群分析中，最大混和概似函數結合EM 演算法是最受歡迎且經
常被用來估計混合廻歸模型。然而EMCR 的表現受起始值影響很大
，例如，EMCR的收斂速度及能否收斂到整體的最佳(global
maximum) 等都嚴重受到起始值影響。雖然, EMCR起始值的問題不容
忽視，但文獻上，少有解決此問題的研究。此外，應用EMCR時,必須
假設子廻歸個數已知，但實務上，很少知道資料的群數。因此，我
們在此研究提出一個逐步的EMCR (SEMCR)演算法，此演算法不用提
供起始值也不用提供混合模型中模型的個數。把資料分成若干有包
含關係的資料群，然後由當中資料最容易分群的子群著手分群，首
先應用修正的高山法估計群數及起始值。然後，由起始的小資料群
漸進擴大，重覆使用EMCR於各個子群，將前一個子群所得的結果當
成在下一個較大子群中使用EMCR的起始值，如此循序漸進擴大到整
個資料集。此新方法不須給定群數及起始值且對槓桿離群值
(leverage outliers)的影響非常穩健。廣泛的實驗及實例應用都顯
示此新提出方法SEMCR的優秀及有效性。

中文關鍵詞： 混合廻歸模型、聚類分析、交換廻歸、EM演算法、穩健估計

英 文 摘 要 ： Mixture regressions, also known as switching regressions or
clusterwise regressions, are used to determine the
relationship between variables from several unknown latent
groups. It has been widely applied in many areas such as
econometrics, biology, epidemiology, and engineering and
has been a longstanding topic in the research of model-
based clustering. The mixture likelihood approach
associated with the Expectation and Maximization (EM)
algorithm is a popular and most often used for estimating
mixture regression models. However, EM the performance of
EM heavily depends on the initial values. For example, the
convergence speed of EM and its ability to locate the
global maximum can be seriously affected. Although EM c-
regression algorithm (EMCR) has the trouble with initial
values but few researches considered this problem. Besides,
EM requires the number of regression models given as a
priori, however, it is rarely known in real applications.
In this research, we propose a schema of nested stepwise
procedure for EMCR, called a stepwise EMCR (SEMCR) method,
which repeats EMCR on a series of nested subsets using the
clustering results of the previous subset as good initial
values for EMCR on the succeeding subset. After selecting
the smallest subset D1 at the location where c regression
models separate adequately, the number of clusters and the
cluster centers in D1 can be extracted by the modified
mountain method, and hence data in D1 can be partitioned



properly which provides good initials for the following
EMCR. The proposed SEMCR is unsupervised without
initialization and robust to leverage outliers. Several
experiments and real examples demonstrate the superiority
and effectiveness of the proposed SEMCR method.

英文關鍵詞： Mixture regression models, Clustering Analysis, Switching
regressions, EM algorithm, Robust estimates
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Abstract- Mixture regressions, also known as switching regressions or clusterwise regressions, are 

used to determine the relationship between variables from several unknown latent groups. It has been 

widely applied in many areas such as econometrics, biology, epidemiology, and engineering and has 

been a longstanding topic in the research of model-based clustering. The mixture likelihood approach 

associated with the Expectation and Maximization (EM) algorithm called EM c-regression method 

(EMCR) is a popular and most often used for estimating mixture regression models. However, the 

performance of EMCR heavily depends on the initial values. For example, the convergence speed of 

EMCR and its ability to locate the global maximum can be seriously affected. Although EMCR has 

the trouble with initial values but few researches considered this problem. Besides, EM requires the 

number of regression models given as a priori, however, it is rarely known in real applications. In this 

research, we propose a schema of nested stepwise procedure for EMCR, called a stepwise EMCR 

(SEMCR) method, which repeats EMCR on a series of nested subsets using the clustering results of 

the previous subset as good initial values for EMCR on the succeeding subset. After selecting the 

smallest subset D1 at the location where c regression models separate adequately, the number of 

clusters and the cluster centers in D1 can be extracted by the modified mountain method, and hence 

data in D1 can be partitioned properly which provides good initials for the following EMCR. The 

proposed SEMCR is unsupervised without initialization and robust to leverage outliers. Several 

experiments and real examples demonstrate the superiority and effectiveness of the proposed SEMCR 

method. 

Keywords: Mixture regression models, Clustering Analysis, Switching regressions, EM algorithm, 

Robust estimates 

 



1. Introduction 

Mixture regressions, also known as switching regressions or clusterwise regressions, are used to 

determine the relationship between variables from several unknown latent groups. Switching 

regression has been widely applied in many areas such as econometrics, biology, epidemiology, and 

engineering and it has been a longstanding topic in the research of model-based clustering. Quandt 

(1958, 1960) and Chow (1960) initiated the research on switching regressions with a Gaussian 

response. The framework has further been extended to mixtures of Poisson regressions (Wang et al 

(2007), Papastamoulis et al. (2016)), logistic regressions (Cao and Yao (2012)) and proportional 

hazards regression (Wang and Song (2013)).  

In the statistical literature, two main approaches for solving switching regression problems are 

the likelihood estimation, the Bayesian analysis, and the clustering technique. As was pointed out by 

Papastamoulis et al. (2016), Bayesian approaches for estimating mixture models have become 

feasible due to the available computing power. Mixture estimation within a Bayesian framework has 

become popular with advent of Markov Chain Monte Carlo methods. An overview is given in 

Fruhwirth-Schnatter (2006). Moreover, Chen et al. (2011) developed a practical method for mixture 

change-point models based on full Bayesian approach. Recently, many semiparametric mixture 

models have been proposed; for example, Huang and Yao (2012), Huang et al. (2013). However, a 

false convergence of the Gibbs sampling may occur when there are groups of masked outliers. (Justel 

and Pe˜na, 1996). Furthermore, the computation accompanied with Bayesian estimation is usually 

cumbersome.  

The maximum likelihood method in use of the EM (Expectation-Maximization) algorithm of 

Dempster et al. (1997) has been employed for estimating the unknown parameters of switching 

regression models most often; for example, Yao et al. (2014), Jones and McLachlan (1992), Tuner 

(2000), Mian and Yao (2012), and Song et al. (2013) (just to mention a few) adopted this approach 

to switching regression problems. We know that the EM algorithm is quite sensitive to both outliers 

and initial values, in which the number of components needs to be given a priori. Several studies have 

focused on robustness to outliers. Markatou (2000) and Shen et al. (2004) discussed robust 



estimations based on the weighted MLE. Neykov (2007), Bai et al. (2012), and Yao et al.(2014) 

proposed robust estimation procedures through robust estimators or a mixture of t-distributions. Some 

researches focused on the determination of the number of components. The AIC and BIC criterions 

were proposed by Leroux (1992) and Naki et al. (2007). Chen and Kalbfleisch (1996), Woo and 

Sriram (2006), and Ray and Lindsay (2008) considered distance measure based criterions.  

As to the problem of initial values with EM, less studies have concentrated on it. The choice of initial 

values is important as it can heavily influence the speed of convergence of the algorithm and its ability 

to locate the global maximum. As far as the problem of choosing initial values is concerned, several 

methods have been proposed for making the choice that will lead to a global maximum. Laird (1978) 

proposed a grid search for setting the initial values. Leroux (1992) suggested the use of supplementary 

information in order to form clusters whose means were used as initial values. McLachlan (1988) 

proposed the use of principal component analysis for selecting initial values for the case of 

multivariate mixtures. Bohning (1999) proposed an initial partition of the data by maximizing the 

within sum of squares criterion. Bohning et al. (1994) proposed to start with well-separated values as, 

in their experience, the algorithm could then converge faster. Karlis and Xekalaki(2003) revealed that 

the majority of methods of initial values considered above performed well based on simulations. On 

the other hand, if the model is incorrect, all the methods have difficulties in locating the global 

maximum. Moreover, Wu et al. (2010) proposed a mountain c-regression method (MCR) which 

solved the initial-value problem by using the modified mountain method on a transformed data set. 

However, the transformed data set usually becomes too large such that there is huge limitation in 

applying MCR. 

(a) (b) (c) (d) 

    

Fig. 1 True models in (a) and (b) with ✽: E(Y)=0.5x, +:E(Y)=10+0.5x; True models in (c) and (d) with 

✽: E(Y)=4.5x-0.4x2, +: E(Y)=10-3.5x+0.4x2; Results by using EMCR with true parameters as initial 

values shown in (a) and (c); Results by using SEMCR with random initial values shown in (b) and (d) 

0 1 2 3 4 5 6 7 8 9 10

0

2

4

6

8

10

12

14

16

0 2 4 6 8 10

0

2

4

6

8

10

12

14

16

0 2 4 6 8 10

0

2

4

6

8

10

12

14

0 2 4 6 8 10

0

2

4

6

8

10

12

14



The above discussion reveals that the EM c-regression (EMCR) technique to switching 

regressions have the trouble with initial values. To illustrate the effect of initial values on regression 

equations, we employ EMCR to two data sets, as shown in Fig. 1(a) and 1(c) show EMCR performs 

very well for both data sets by using true parameters as initial values. However, random initials may 

lead EMCR astray such that the algorithm terminates incorrectly at the solid arcs, as shown in Figs. 

1 (b) and 1(d). Besides, the number of regression models is assumed known a priori in using, however, 

it is rarely known in real applications. In this research, we propose a stepwise EM c-regressions 

(SEMCR) method which neither requires specifying initial values nor the number of regression 

models. We propose a schema of nested stepwise procedure for EMCR with free initial values to 

reduce the drawback of initial value influence.  

  The mountain method proposed by Yager and Filev (1994) can resolve the initial value problem 

for most clustering algorithms. Chiu (1994) further modified the original mountain method to 

implement the mountain method on high-dimensional data sets. Yang and Wu (2005) modified both 

mountain function and revised mountain function to reduce its computation time in which a method 

of estimating parameters and cluster number was also considered. In the proposed SEMCR, we first 

transform the original regression data set into a sequence of nested subsets by selecting the smallest 

subset at the location where c regression models separate adequately so that the number of clusters c 

and the cluster centers can be extracted by the modified mountain method. We then repeat EMCR on 

each of the nested subdivisions to help us tracing the courses of regression models correctly stepwise 

so that appropriate models can be derived finally.  

 The rest of the report is organized as follows. In Section 2, we illustrate the EM c-regression 

algorithm and the mountain method. Then we propose the stepwise EMCR (SEMCR) algorithm in 

Section 3. We first construct the schema of nested stepwise procedure for EMCR and then create 

the SEMCR algorithm using the modified mountain method. The way of constructing nested subsets 

are described. Real data applications and comparisons of the proposed SEMCR with other methods 

are made in Section 4. Conclusions are finally stated in Section 5.  



2. The EMCR algorithm and modified mountain method 

 

2.1 EMCR algorithm 

Suppose that 1 1{( , ), , ( , )}n nD x y x y  is a given data set drawn from populations obeying a 

regression system with each independent observation 1,( , )T p

j j jpx x x    and its 

corresponding dependent observation jy  . Instead of assuming that a single model can account 

for all n pairs in D, we assume the data to be drawn from c regression models: 

0 1 1ji i i j ip jp jiy x x e      
, 1, ,i c                              (1) 

where jie  is a random variable with mean 0 and variance 
2

i . For 1, ,k c , 1, ,i n , assume 

kiZ  11 if ( , )i ix y   is drawn from the k  th model and eero otherwise which is an unobservable 

random variable. Let 1( , , )c π  be the mixing probabilities, 1( , , )cβ β β  be the vector for 

sets of regression coefficients, 
2 2 2

1( , , )c σ  be the set of model variances. Hence the complete 

likelihood is 

 2 2
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( , , | ) ( ; ) ( ; , )
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c n c n
zzc T
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k i k i

L f y y   
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and the complete log-likelihood is  

 2 2
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( , , | ) log ( ; ) log ( ; , ) log
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c T
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where ( ; )i if y x   is the dendity of iy   given ix   and    is the density of standard normal 

distribution. Let ( 1)ki kiP Z     for 1, ,k c  , 1, ,i n   and 2( , , )θ β μ σ  . nne version of 

EMCR algorithm is as follows:  

Select a set of initial (1)μ  and in the t th iteration. 

E step: Maximize the conditional expectation of the complete log-likelihood 

i. 
( ) 2( ) ( ) (t) 2 (t)

1 1 1 1
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t t t T
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M-step: Calculate the conditional expectation  
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Repeat E- and M-step until it converges. 

2.2. The modified mountain method: 

Suppose we have n data points denoted by  1, , nx x  in the p-dimensional Euclidean space 

p . defining the modified mountain function on each data vector ix  as 

,( )

1

1

( ) i j

n
m d x x

i

j

P x e




 , 1, ,i n   
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1

2

1
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j jx x n




    and 1

n

jj
x

x
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   , where ( , )i jd x x  is the distance between 

the data points ix  and jx . The parameter   plays a role of normalieing the separation measure 

( , )i jd x x  and the value of the parameter m can be chosen by users or estimated by a correlation 

self-comparison technique. Then, the first cluster center estimate 1x
  is obtained by 

 1 1 1( ) max ( )i
i

P x P x   and the following kth cluster center can be obtained by maximieing the revised 

modified mountain function       1( , )

1 1

i kd x x

k i k i k iP x P x P x e
 



    , 2,3,k   , where 1kx

   

satisfies  1 1 1( ) max ( )k k k i
i

P x P x

   , 2,3,k  . 

Determine the number of clusters 

Yang and Wu (2005) proposed a validity function as 
2

MV( ) ( )
c

k

c pot k


  , 2,3, , 1c n   , 

where c is the number of clusters. The function ( )pot k  is the potential of the kth cluster center 

*

kx  and defined as 

 
 
 

  
*

21*

1 *

1 1

( ) exp
k

k k

P x
pot k P x n m d

P x
    , 2,3,k  ,  

where 
* * * * * *

1 2 1min{ ( , ), ( , ), , ( , )}k k k k k kd d x x d x x d x x   . Therefore, we use arg max MV( )
c

c c   for 

estimating the number of clusters in the switching regression model.   



3. SEMCR algorithm 

(i) Setup nested subsets, 1 2 GD D D    

We now illustrate how to form the nested subsets. Let the given data set be denoted as 

1 1{( , ), , ( , )}n nD x y x y  where 1,( , ) p

j j jpx x x   is the independent observation. For 

 1,2, , ,k p  let 1 2min( , , , )k k k nka x x x  and 1 2max( , , , )k k k nkb x x x   so that k jk ka x b   , for 

1,2, ,j n  . We call  ,k ka b   the range of the kth component of the predictor x and regard 

   1 1 2 2, , ,p pa b a b a b       as the range of the predictor x. Let 0q  and q be two constants picked 

from the interval, (0, 1). We first form a grid on    1 1 2 2, , ,p pa b a b a b       with the distance 

between two grid lines on  ,k ka b , 1,2,k p , equal to 0 ( )k kq b a . In case the length of the last 

line segment on  ,k ka b  is less than 0 ( )k kq b a , we combine the last two segments together for 

convenience. Let GD   represent the final data set so we have 1 2 GD D D     with 

    1 1 2 2( , ) : , , ,i i i p piD x y D x a b a b a b         , 1,2, ,i G  , where 1 0( )k k k kb a q b a    , 

1

1
( )ki k ki kb a b a

q
     for 2, , 1i G   , and kG kb b   for 1,2, ,k p  . oote that G  and 

 01

1
( )k k k kG

q b a b a
q 

   , so 
0ln

1
ln

q
G

q
  .  

For illustration, we assume that [3,32]×[2,22] is the range of the data set D. Let 0 0.1q   and 

q=0.5, so the total number of subsets G ln(0.1)/ln(0.5)=4.3219. We set G=5. In Fig. 3, we first take 

a grid on [2,32] [2,22]  with the distance between two grid lines is 3 (i.e., 0.1 (32 2)  ) and 2 (i.e.,

0.1 (22 2)  ), respectively. Thus, we have 100 small grids totally and then select the grid with the 

largest variance, say [17,20] [12,14] , and denote it as D1. oext, we regard each vertex as a bench-

mark and enlarge D1 along each edge with the length being twice (1/q=1/0.5=2) as the length of D1 

and then we can get 4 potential D2 sets shown in Fig. 4 as D2a=[17,23]×[12,16], 

D2b=[14,20]×[12,16], D2c=[14,20]×[10,14], and D2d=[17,23]×[10,14]. Then, we select the one with 

the largest variance, say D2d, and let D2d=D2. The other subsets Dk can be formed in the same manner 



until all data points are included. Fig. 2 shows a possible formation of nested subsets Dk for the 

example.  

 

Fig. 2 Diagram of nested subsets kD  

(ii) Some concerns about the selection of 1D   

Since the switching regression models are of the form ( | ) ( ),iE y x g x for a fixed predictor x 

in the domain, 1,2,...,i c , when the values of all independent variables are fixed except the cluster 

indicator variables, the value of the response variable y varies with the clusters. That is, the separation 

of c regression models can be counted mostly by the difference of the values of the response variable 

y. This implies data can be classified according to the values of the response variable y. Consequently, 

the large variations of the response variable y would imply the switching regression models separate 

far. As mentioned earlier, 1D  must be selected where c regression curves separate adequately. Hence, 

the grid in which the sample variance of the dependent variable y is the largest among all grids will 

be selected as 1D  . However, large sample variance may be caused by outliers. To eliminate the 

disturbance of outliers, we rearrange data points in increasing order of the values of the response 

variable y and then calculate the sample variance with only the middle 90% data points of the ordered 

sample in each grid respectively. oext, the larger subsets 2D  will be chosen from the rectangular 

blocks which are obtained by enlarging 1D  along each edge at each vertex of 1D . Accordingly, 

there are totally 2 p  potential sets of 2D  and for each potential set, the length in the dimension of 

[ , ]k ka b , k=1,2,…,p, is 1/q of the length of 1D  in that direction. oow we select 2D  as the set with 
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the largest variation among those potentials. The remaining subdivisions are constructed in the same 

manner until all data points are included.  

(iii) Further derivation of EMCR 

Case of Equal Variance (assume 
2 2 2

1 c     ) 

E-step: 
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where 
1k

jW 
 is an n n  diagonal matrix with diagonal elements 

( 1){ , 1, , }k

ij i n   . 

Case of Unequal Variance 
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where 
1k

jW 
 is an n n  diagonal matrix with diagonal elements 

( 1){ , 1, , }k

ij i n   . 

(iv) Procedure of SEMCR 

After D1 is selected small and picked where c clusters separated far enough. We see that the 

distance between any two data points in D1 is mainly contributed by the difference between the values 



of their dependent variable y, i.e., for any two data points, ( , )i ix y   and ( , )j jx y   in 1D  , 

2

( , ) ( , )i i j jx y x y   is approximately equal to 
2

i jy y  . Hence, we apply the modified mountain 

method on the data in 1D   with dependent variable y only. Let ,  1, 2, , ,iy i c    represent the 

extracted cluster centers and define 
 

1
, 1,2, ,

1
min min ,  

2
i j

i j c
d y y s 



 
  

 
 , where s1 is the standard 

deviation of y in 1D . Then, we partition data in 1D  into c clusters with crisp memberships in the 

following way. For a given data point ( , )j jx y  in D1, if <  j iy y d , for some  1,2, ,i c  (note 

that the condition 1d s   is for eliminating outliers), let 1ij    and 0i j    , for all i i   , 

1, ,i c . oext, select smallest 2D  that contains 1D  and possess higher variance and set the initial 

ij  of new added data in D2\D1 equal to 0. Then, perform EMCR with data in 2D  until converges. 

Before fitting 3D , we set 1ij   if ij  is larger than some threshold and zero otherwise for data 

in 2D . An explanation of doing this is we adopted the alpha-cut idea from Yang et al. (2008) in our 

paper, and it really increased the chance of getting global maximum. Then we select 3D   that 

contains 2D , set the initial ij  of new added data in D3\D2 equal to 0, and perform EMCR with 

data in 3D  until converges. In the same manner, we repeat EMCR on each of the subsequent subsets 

until the largest set DG. We summarize the stepwise EMCR algorithm as follows. 

 

SEMCR algorithm 

Set the iteration counter l=1. Give a value of   with 0.5 1  . 

Step 1: Estimate the number of clusters, c, and extract c cluster centers, denoted as
*

iy  , 

1,2, ,i c  , for data in  1 1: ( , )yD y x y D    with the modified mountain 

method.  

Step 2: Set the membership values ij  of data in 1D  as follows. 

      
1,      if <  

0,      if 

j i

ij

j i

y y d

y y d






 
 

 

, 1,2, ,i c , (xj, yj)D1, where *

iy  is the ith 



cluster center obtained in Step 1, 
 

1
, 1,2, ,

1
min min ,  

2
i k

i k c
d y y s 



 
  

 
,  

and 1s  is the standard deviation of 1yD . 

Step 3: Set the initial ij  of data in 1lD   by the following way.  

(i) Set ij  of data (xj, yj)Dl to crisp as follows. 

1,     if 

0,     if 

ij

ij

ij

 


 


 


, 1,2, ,i c , (xj, yj)Dl. 

(ii) Set ij  of data in  1 1\ ( , ) ,( , )l l l lD D x y D x y D     equal to 0. 

(iii) Employ EMCR for data in 
1lD 
 with ij  in (i) and (ii) as initial values. 

(iv) If l G  then stop; Otherwise l=l+1, and return to Step 3. 

 

4. Simulation study  

In this section, numerical examples and real data sets are used to demonstrate the superiority and 

effectiveness of the proposed SPCR algorithms. Five different kinds of switching regression models 

were employed to compare the proposed SEMCR with the traditional EMCR and the mountain c-

regressions (MCR) proposed by Wu et al.(2010). The simulated data with noisy points and the optimal 

fit to each class are shown in Fig. 3, of which the true model parameters are specified in Table 1, 

respectively. To focus on comparing the performance of estimations, we assumed the cluster number 

known in employing the above methods. We set 0 0.09q q   for all cases. In executing MCR, we 

used a random sample of size 200 from the transformed data set based on the suggestion of Wu et al. 

(2010). Comparisons were made under three circumstances, A-data without noisy points and outliers, 

B-data with noisy points, and C-data with 20 leverage outliers at (11, 100), respectively. Comparison 

results are reported in Table 2. The accuracy rates (Accuracy rate) shown in Table 2 are the average 

accuracy rates for classifying observations which were based on the rule of maximum membership 

in the terminal partition matrix found by each algorithm; i.e., if the membership of 5 5( , )x y  



belonging to cluster 1 and 2 are 15 0.2   and 25 0.8   respectively in the last iteration, then the 

data point 5 5( , )x y   was assigned to the second cluster, and then this was counted as a correct 

labelling if and only if 5 5( , )x y  was actually generated using the second model. Also given in Table 

2 are the mean squared error (MSE) of the parameter estimates, e.g., the average of  
2

10 10
ˆ   over 

50 samples, and the average computational time for one iteration (Comp. time).  

4.1 Experiments and comparisons with numerical examples 

Table 1 Description of regression models in Fig. 4 2 3 4

0 1 2 3 4i i i i i iy x x x x e          , i=1, 2. 

Model n1 

 10 11 12 13 14, , , ,       20 21 22 23 24, , , ,      

(a) 80 (0,0.5,0,0, 0) (10,0.5,0,0,0) 

(b) 100 (0,1.5,0,0,0) (10,-0.5,0,0,0) 

(c) 150 (-5.6,8.54,-0.784,0,0) (13.6,-7.14,0.784,0,0) 

(d) 150 (0,9.5,-2.4,0.16,0) (10,-8.5,2.4,-0.16,0) 

(e) 300 (3.058,-9.769,4.915,-0.788,0.039) (-3.058,9.769,-4.915,0.788,-0.039) 

1: n data points are randomly generated based on each model respectively 

(a) (b) (c) (d) (e) 

     

Fig. 3 Plots of different switching regression models used for comparing SEMCR with other methods 

 

Table 2 Summarized comparison results of 7 methods using 50 samples for each case in Fig. 3 

respectively 

(A) data without outliers 

(a) SEMCR MCR EMCR 

MSE     11  0.0003 131.01 1307.66 

     10  
0.0094 5254.22 18316.75 

         21  0.0004 0.2932 14.38 

         20  0.0127 5.0831 270.30 
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Accuracy rate 100% 92.5% 53.1% 

Compt.timec 0.0244 0.5351 0.0296 

(b) SEMCR MCR EMCR 

MSE     11  0.02024 0.50618 266.51 

     10  0.52298 17.82555 4454.87 

         21  0.02040 7.87034 19.85 

         20  0.49905 300.01549 1735.15 

Accuracy rate 94.8% 89.1% 54.0% 

Compt.timec 0.025937 0.243438 0.018125 

(c)a21 SEMCR MCR EMCR 

MSE     12  
0.00002 4.8568 0.9446 

         11  0.00211 461.71 74.97 

     10  
0.00776 2933.06 92.34 

         22  0.00002 0.2827 31.27 

         21  0.00272 24.76 1853.44 

         20  0.01378 102.81 1744.445 

Accuracy rate 97.3% 78.2% 50.9% 

Compt.timec 0.1226 0.5267 0.0424 

(d)a31 SEMCR MCR EMCR 

MSE    13  0.00000 0.3735 0.0598 

   12  
0.00000 83.228 13.162 

         11  0.00000 1945.01 202.77 

     10  
0.00000 4302.58 132.87 

23  0.00000 0.8132 0.0570 

         22  0.00000 251.99 12.815 

         21  0.00000 7642.72 212.97 

         20  0.00000 17335.1 154.33 

Accuracy rate 99.9% 64.7% 50.8% 

Compt.timec 0.1250 0.5332 0.0468 

(e)a41 SEMCR MCR EMCR 

MSE    14  SEMCR 27.251 5.1998 

     13  0.00000 455.26 3.2019 

   12  
0.00000 2842.6 770.36 

         11  0.00000 6655.5 320.01 

     10  
0.00000 1551.5 3686.6 

24  0.00000 0.5705 0.0646 

23  0.00000 2.5585 0.1313 

         22  0.00000 21.576 5.5837 



         21  0.00000 110.73 4.4308 

         20  0.00000 71.656 12.2319 

Accuracy rate 100% 77.6% 51.9% 

Compt.timec 0.1303 0.5691 0.1856 

c: computational time per run in seconds 

(B) Data set with some background noisy points 

(a) a11, 30 noises SEMCR MCR EMCR 

MSE     11  0.0028 0.1153 39.1466 

     10  
1.1298 4.9951 1587.476 

         21  0.0035 1.3505 1.9865 

         20  1.0662 29.6481 122.512 

Accuracy rate 98% 90.9% 51.1% 

Compt.timec 0.018750 0.234375 0.005313 

(b) a12,10 noises SEMCR MCR EMCR 

MSE     11  0.72119 15.3024 25.9476 

     10  18.07813 619.8404 1955.96 

         21  0.60434 3.1319 37.8416 

         20  15.07860 107.9623 556.7698 

Accuracy rate 65.6% 79.9% 52.6% 

Compt.timec 0.029375 0.248125 0.006250 

(c) a21,20 noises SEMCR MCR EMCR 

MSE     12  
0.03305 0.5571 68.9950 

         11  3.3496 36.3029 5221.09 

     10  
5.4481 146.0354 3687.25 

         22  0.0312 1.3856 3.2059 

         21  3.0764 85.1503 305.1979 

         20  4.7043 163.8879 963.280 

Accuracy rate 87.7% 74.4% 54.9% 

Compt.timec 0.047813 0.248438 0.008125 

(C) Data set with 20 leverage outliers at (11,100) 

(a)a11, 20 levg outs SEMCR MCR EMCR 

MSE     11  0.00027 46.2452 65.9462 

     10  0.00939 3439.43 1959.45 

         21  0.00042 64.2147 305.244 

         20  0.01273 8107.59 25091.44 

Accuracy rate 100% 83.6% 50% 

Compt.timec 0.010937 0.282500 0.003750 

(b)a12, 20 levg  SEMCR MCR EMCR 



MSE     11  0.00026 38.0094 50.9806 

     10  0.01014 3077.70 1721.91 

         21  0.00042 77.0224 208.676 

         20  0.01332 8877.51 16271.59 

Accuracy rate 95.7% 77.4% 50.0% 

Compt.timec 0.024375 0.281250 0.004687 

(c)a21, 20 levg SEMCR MCR EMCR 

MSE     12  0.00002 0.62207 50.6205 

         11  0.00211 72.3879 14118.09 

     10  0.00776 424.517 220994.4 

         22  0.00002 0.9236 2.32127 

         21  0.00272 141.304 177.140 

         20  0.01378 844.839 206.355 

Accuracy rate 97.% 79.6% 50.3% 

Compt.timec 0.035000 0.286875 0.007188 

As shown in Table 2, for all models in each comparison circumstance, the proposed SCRCR 

performs better than EMCR and MCR in terms of MSE and accuracy rates. The superiority of 

SEMCR over the other two methods is particularly remarkable in circumstance C where 20 leverage 

outliers exist in the dataset. More findings are specifically stated as follows. 

1. For all models in every circumstance, the MSE of parameter estimates and accuracy rates resulted 

from EMCR and MCR are obviously worse than those from SEMCR.  

2. The predominance of SEMCR over EMCR in all cases indicates that EMCR always depends 

heavily on initial values and the proposed stepwise procedure on nested subsets does solve the 

initial-value problem effectively.   

3. The superiority of SEMCR over EMCR and MCR is much more clearly in noisy environments, 

especially in cases of leverages outliers. This fact implies the proposed procedure does not only 

make the SEMCR robust to initial values but also advance its robustness to outliers, especially to 

leverage outliers.  

4. In all cases, the fact that the computational time of SEMCR is only a little bit more than that of 

EMCR indicates that good initial values are not only crucial for deriving precise estimates but 

also essential for fast convergence. 



5. Leverage outliers usually affect the fit of regression models seriously. Table 3 shows the proposed 

SEMCR is very robust to leverage outliers; SEMCR still produce highly precise estimates even 

though twenty extreme leverage outliers exist in the data set. However, MCR and EMCR cannot 

work at all, even if only one leverage outlier is involved.  

6. MCR is much more time-consuming than SEMCR and its performance is always worse than 

SEMCR.      

In summary, the proposed SEMCR does not only solve the initial-value problem of EMCR but 

also be more robust to noises and outliers. The SEMCR algorithm works well for every model in all 

given circumstances. Furthermore, the proposed SEMCR outperforms both MCR and EMCR in 

respect of estimation precision and accuracy rates of classification. Besides, SEMCR does not require 

the knowledge of the number of clusters, but the other methods require it. Although the SEMCR 

algorithm takes a little more computational time than EMCR, it is really not a problem because the 

algorithm actually converges rather fast (see Table 2). It is worth bartering a little bit more time for 

much higher precision in estimations.   

 

4.2 Real applications 

We now apply the proposed method to real data sets to demonstrate the effectiveness and 

usefulness of SEMCR. 

(a) 

 

(b) 

 

Fig. 4 (a) Validity function MV(c); (b) Scatter plot of music tone perception data and the fitted switching 

regression lines by SEMCR 

 

Example 1 Music tone perception data (Cohen, 1984) have been analyzed through a switching 
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regression framework by many researchers such as Bai et al. (2012), Hunter and Young (2012), Song 

et al. (2013) and Yao et al. (2014). In the tone perception experiment, a pure fundamental tone along 

with electronically generated overtones added was played to a trained musician. The overtones were 

determined by a stretching ratio. The musician was instructed to tune an adjustable tone to the octave 

above the fundamental tone. The tuning ratio, which is the ratio between adjusted tone and the 

fundamental tone, was recorded for 150 trials from the same musician. The purpose of this experiment 

was to see how the perceived tone ratio is related to the actual tone ratio and to determine if either of 

two musical perception theories was reasonable (see Cohen, 1984) for more detail). The scatter plot 

in Fig. 4(b) shows two lines obviously which relate to two musical perception theories explored by 

Cohen. The validity function MV(c) shown in Fig. 4(a) indicates arg max MV( )
c

c c =2 and two 

fitted lines in Fig. 4(b) produced by SEMCR fit data well with the residual sum of squared errors 

(RSE) equal to 0.8717 only.   

(a) 

 

(b) 

 

Fig. 5 (a) Validity function MV(c); (b) Scatter plot of ethanol data and the fitted switching regression lines by 

SEMCR 

Example 2 The ethanol dataset relates the equivalence ratio, a measure of the richness of the air-

ethanol mix for burning the ethanol in a single-cylinder car test to the engine concentration of nitric 

oxide in engine exhaust. Hurn et al. (2003) and Penal et al. (2003) analyzed this dataset by means of 

switching regression models. The proposed SEMCR produced a maximum of the validity function 

MV(c) at c=2, which coincides with the data structure exhibited in the scatter plot of Fig. 5(b). 

Furthermore, the two fitted lines in Fig. 5(b) also fit data adequately with RSE=0.11346. 

 

5. Conclusions 
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 As is well-known that the EM clustering techniques to switching regressions depends heavily 

on initial values and is not robust to noises and outliers. The choice of initial values heavily influence 

the speed of convergence of the algorithm and its ability to locate the global maximum. Although the 

EM c-regression algorithm has the trouble with initial values but few researches considered this 

problem. Besides, the number of regression models is often assumed known a priori, however, it is 

rarely known in real applications. In this research, we propose a stepwise EM c-regressions (SEMCR) 

method which does not require specifying the initial values nor the number of clusters, and it is more 

robust to outliers and noises than the EM c-regression method.  

We proposed the stepwise method that motivates from the idea that, if we can grab a small piece 

of a thread, then we would be able to grab all the other points of the thread along the line. We then 

proposed the new SEMCR for switching regressions which does not require any initialization and nor 

the specification of the number of clusters. Experiments demonstrate that the proposed SEMCR 

method performs very well for the simulated and real data sets without initialization and is also robust 

to noises and outliers. Several comparisons of the proposed SPCR with EMCR and MCR showed 

that the proposed algorithm performs best in respect of precision (measured by MSE for parameter 

estimates) and accuracy rates for classifying observations. In particular, the proposed algorithm works 

well for data sets with leverage outliers that occurs very often in most regression problems, but the 

other two methods are not workable in such noisy environments. Moreover, the information of the 

number of clusters is not necessary for employing the proposed algorithm but it is needed by the other 

methods. In summary, the proposed SEMCR method is unsupervised (without assigning a number of 

clusters a priori) and also effective to solve the initialization problem which usually causes the EMCR 

method terminates at incorrect models. Furthermore, the proposed method can be applied to high 

order models easily and outperform other two methods. 
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一、參加會議經過 

本人此次參加在捷克布拉格舉行的國際學術研討會，主要目的是將所研究內容與各領域專家分享

並討論未來可能發展的方向與創新研究機會。此次會議的學者專家遍及全球各個國家，本次會議

發表之論文/摘要篇數相當多，所有投稿的論文/摘要均經過各個領域的學者嚴謹審查。由會議內

容之討論及提問可發現，近幾年研究主題及方法日新月異且及難度提升，各領域之專家學者研究

動能持續精進，但也面臨很多的挑戰。此次會議包含基礎科學與應用科學的研究，會議舉行的日

期從 8 月 10 日至 13 日，共 4 天。與會人員涵蓋各個領域的專家學者針對不同研究主題，進行討

論，本人由此會議受益良多。 
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此次與會學者來自世界各國，發表的論文涵蓋數學、統計相關之理論及其它應用科學的研究，每篇

論文都經過大會指派的審稿學者嚴謹的審閱通過，論文發表過程，交流熱烈，演講過後，學者們也

都提供問答時間(Q & A)，無私的與各方學者交流，激發未來研究方向及可能性，深感會議內容對

學術研究之重要性。本人發表之論文安排在 8 月 10 號下午，主要探討漸進式的 EM 聚類方法於混

合廻歸模型估計的應用，尤其是實務應用很廣，漸進式作法解決了 EM 受起始值影響的問題，而且

廣泛的模擬實驗顯示漸進式 EM 演算法的表現比傳統一次式的 EM 演算法方法好， 而且收斂速度

快。與會學者對本人研究的問題很感興趣，不僅給予正面回應並提出許多建言，對未來研究幫助頗

大。 
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Abstract Mixture regression, also known as switching regression or clusterwise regression, is used to determine 

the relationship between variables from several unknown latent groups. Switching regression models been 

widely applied in many areas such as econometrics, biology, epidemiology, and engineering and has been a 

longstanding topic in the research of model-based clustering. The mixture likelihood approach is a powerful 

and popular clustering method, in which the EM algorithm is the most used method. It is well known that, in 

mixture modelling, the performance of EM algorithm heavily depends on the choice of initial values and the 

number of clusters. Hence, the issue of how to select good initial values or summarize the outcomes from 

different sets of initial values is important. In this paper, we proposed a progressive EM-based algorithm without 

the specification of initial values neither the number of regression models. We separate data into hierarchical 

groups and start model fitting from the group in which data points are well-separated. Using these estimated 

results as initial values in next model fitting on the subsequent group which contains the previous group. 

Proceeding in this way until all the data are included in the regression analysis so that the data can be fitted 

suitably not requiring specification of initial values and the number of clusters. Experiments with numerical 

examples are used to demonstrate the effectiveness of the proposed method. Experimental results actually show 

the usefulness of the new approach.  

Keywords: Mixture regression modelling, Clustering Analysis, EM algorithm, progressive regression approach 



四、建議 

參加國際會議可以認識研究相關領域各國的學者專家，尤其是資深且國際知名的權威學者，可以讓

自己的研究和國際接軌，開拓人脈，提升研究水平且動能，對未來在研究助益頗大。由於報名費旅

費等費用相當高，但對研究人員幫助頗大，應多給予鼓勵與補助。 

 

五、攜回資料名稱及內容: (1)註冊及報告證明(2)會議議程。 

 

六、其他: 衷心感謝科技部給予補助此次研討會。 
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