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中 文 摘 要 ： We numerically simulate an oscillating Bose-Einstein
condensate in a disordered trap [Phys. Rev. A 82, 033603
(2010)] and the results are in good agreement with the
experiment. It shows that the disorder acts as a medium,
which results in a relaxation from nonequilibrium to
equilibrium, i.e., thermalization. An algebraic
localization is realized when the system approaches the
equilibrium, and if the system falls into the regime when
the healing length of the condensate exceeds the
correlation length of the disorder, exponential Anderson
localization is to be observed.

中文關鍵詞： 局域化，熱化，冷原子，無序雜質散射

英 文 摘 要 ： We numerically simulate an oscillating Bose-Einstein
condensate in a disordered trap [Phys. Rev. A 82, 033603
(2010)] and the results are in good agreement with the
experiment. It shows that the disorder acts as a medium,
which results in a relaxation from nonequilibrium to
equilibrium, i.e., thermalization. An algebraic
localization is realized when the system approaches the
equilibrium, and if the system falls into the regime when
the healing length of the condensate exceeds the
correlation length of the disorder, exponential Anderson
localization is to be observed.

英文關鍵詞： Localization，Thermalization，Cold atoms，Random Disorder
scattering
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Turbulence in a matter-wave 
supersolid
C.-H. Hsueh1, Y.-C. Tsai1, T.-L. Horng2, M. Tsubota3 & W. C. Wu1

Quantum turbulence associated with wave and vortex dynamics is numerically investigated for a two-
dimensional trapped atomic Rydberg-dressed Bose-Einstein condensate (BEC). When the coupling 
constant of the soft-core interaction is over a critical value, the superfluid (SF) system can transition 
into a hexagonal supersolid (SS) state. Based on the Gross-Pitaevskii equation approach, we have 
discovered a new characteristic k−13/3 scaling law for wave turbulence in the SS state, that coexists with 
the waveaction k−1/3 and energy k−1 cascades commonly existing in a SF BEC. The new k−13/3 scaling 
law implies that the SS system exhibits a negative, minus-one power energy dispersion (E ~ k−1) at 
the wavevector consistent with the radius of the SS droplet. For vortex turbulence, in addition to the 
presence of the Kolmogorov energy k−5/3 and Saffman enstrophy k−4 cascades, it is found that large 
amount of independent vortices and antivortices pinned to the interior of the oscillating SS results in a 
strong k−1 scaling at the wavevector consistent with the SS lattice constant.

Turbulence in a superfluid (SF), named quantum turbulence (QT), has recently attracted considerable interest 
in both liquid helium1–5 and atomic Bose-Einstein condensates (BEC)6–16. Atomic BEC is a clean system with the 
advantage of easy manipulation, and thus is a good candidate for studying the QT. In a typical SF atomic BEC, 
turbulence mostly associated with vortices can be characterized by an incompressible energy spectrum following 
the Kolmogorov k−5/3 power law17, which describes the process wherein, if far away from forcing and sink, energy 
is transported conservatively to smaller scales18. In addition to energy, there could exist another conserved quan-
tity in two dimensions (2D), named enstrophy, in association with the vorticity. Consequently in a 2D atomic SF 
BEC, in addition to the Kolmogorov k−5/3 energy-cascade spectrum, the vortex turbulence (VT) also consists of 
the Kraichnan k−3 (in case of strong anisotropy) or Saffman k−4 (in case of weak anisotropy) enstrophy-cascade 
spectrum19–27.

In addition to VT, turbulence consisting of waves, named wave turbulence (WT), also plays a central 
role in a system of interactions. As a general phenomenon, WT is observed in a vast range of nonlinear sys-
tems, on quantum to astrophysical scales28. In a 2D atomic SF BEC29, WT scaling laws typically involve the 
k−1/3 waveaction-cascade and the k−1 compressible energy-cascade spectra29. The former corresponds to the 
strongly nonequilibrated process of evaporative cooling and the latter corresponds to the condensation process, 
respectively.

Supersolid (SS) is a state of matter that simultaneously possesses superfluidity and solidity and in which both 
gauge and continuous translational symmetries are broken30–34. Recently SS states have been realized in a BEC 
coupled to the modes of two optical cavities35 and in a BEC with spin-orbit coupling36. Another promising candi-
date for the SS state is the Rydberg-dressed atomic BEC that exhibits a defocusing soft-core interaction37–41. In 
such a system, the interaction between the Rydberg-dressed ground-state atoms behaves as: 

= +U C R rr( ) /( )c6
6 6  with   the particle number, >C 06  the defocusing interaction strength, Rc the blockade 

radius, and ′≡ −r r r  the relative position of two particles. Let Λ = C6  denote the coupling constant and when 
Λ is over a critical value Λc, the 2D SF system can transition into a hexagonal SS state. Figure 1 schematically 
shows the ground states of the Rydberg-dressed BEC with the coupling constant below (SF state) and above (SS 
state) the critical value. Compared to the SF state, there are two new emerging length scales in the SS state: the 
lattice constant, d, and the radius of the SS droplets, R, which play important roles in QT of a SS.

The main theme of this paper is to investigate how the WT and VT behave in a SS state. Are there any new 
scaling laws characterizing the SS state? What roles are the new length scales playing in such a state? It is worth 
noting that, a self-organized structure associated with density modulation also exist in a variety of systems from 
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nonlinear optics42, water waves43, plasma44,45, to planetary waves46. Thus current study should shed some light on 
the turbulence of the other systems.

As opposed to a generic quantum SS containing one or few atoms within a primitive cell, the current SS of 
Rydberg-dressed atomic BEC contains hundreds of atoms in a finite-size droplet within a primitive cell. Thus the 
system is essentially a matter-wave SS. The size of the droplets is much smaller than the lattice constant, thus the 
relevant wave vectors of the droplets are much larger than the inverse lattice constant. It is associated with these 
large wave vectors, new wave and vortex turbulence are revealed.

Gross-Pitaevskii Equation
As mentioned earlier, Rydberg-dressed BEC is a promising system for observing the SS state37–41. Here, based on 
the Gross-Pitaevskii equation (GPE) numerical simulation, we study the quantum hydrodynamics coupled to a 
coherent structure in a trapped 2D Rydberg-dressed BEC.

The total energy of the Rydberg-dressed BEC can be written as the summation of kinetic, potential, and inter-
action energies E(t) = Ekin(t) + Epot(t) + Eint(t), where
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Here Vpot(r) = mω2r2/2 is the harmonic trapping potential with ω the frequency and m the atom mass and as intro-
duced earlier, = +U C R rr( ) /( )c6

6 6  is the defocusing soft-core interaction. The order parameter ψ, satisfying 
the normalization condition ∫ ψ =dr 12 , is the condensate wave function. Throughout this paper, the blockade 
radius Rc and ≡t mR /c0

2  are used as the units of length and time, respectively. In our simulation, a SF condensate 
with Thomas-Fermi (TF) radius RTF = 6Rc was initially prepared. For the SS ground state, coupling constant is 
chosen to be Λ = 2400, above the critical value Λc = 2000. The trapping frequency is set at ω = 3. To generate tur-
bulence, circulation-3 vortex and antivortex were imprinted. (Note that more initial vortex pairs have been tested 
and essentially lead to the same results.) Time evolution of the wave function follows the GPE: iℏ∂ψ/∂t = δE/δψ*. 
To numerically integrate GPE, we use the method of lines with spatial discretization by highly accurate Fourier 
pseudospectral method and the time integration is done by adaptive Runge-Kutta method of orders 4 and 5 
(RK45). As resolving the trap potential can reduce the available numerical power, our simulations are performed 
on a square grid of 5122 points in a 302 domain.

About the error of simulating GPE, it can be discussed by spatial and time errors of our numerical method. 
For spatial accuracy, we have employed Fourier-pseudospectral method, which has the property of exponential 
convergence compared with traditional algebraic-order-convergence methods like finite difference or finite ele-
ment. High-order pseudospectral methods generally provide excellent spatial accuracy with economically prac-
ticable resolutions. For time integration, we used RK45, a time-step-adjustable Runge-Kutta method to meet the 
specified error tolerance, which automatically satisfies the stability criterion as well. Under these treatments and 
some benchmark validation, we are assured that the wave function has not been contaminated by numerical noise 
(round-off error) even after long-time computation.

We shall focus on the turbulence shown in the kinetic energy spectrum, Ekin(t). As to extract the results for 
both WT and VT, one can separate Ekin(t) into two mutually orthogonal parts, = +E t E t E t( ) ( ) ( )c i

kin kin kin , i.e., 
compressible and incompressible. In this regard, it is useful to express the condensate wave function ψ(r, t) in 

Figure 1. Schematic plot of a SF state transition into a hexagonal SS state in a quasi-2D trapped Rydberg-
dressed BEC when the coupling constant Λ is increased from below to above a critical value Λc. Right upper 
inset shows in the SS state that two new length scales, the lattice constant d and the radius of the SS droplets 
R, emerge. Right lower inset shows the first Brillouin zone of a 2D hexagonal lattice with the wavevector kM 
defined.
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terms of Madelung transformation, ψ ϕ=t n t i tr r r( , ) ( , ) exp[ ( , )], with n and ϕ the density and phase, respec-
tively. The vector field n u with the velocity  ϕ≡ ∇mu ( / )  can then be decomposed into irrotational and sole-
noidal parts, or correspondingly, compressible and incompressible parts47–50: = +n n nu u u( ) ( )c i, where 
∇ × =n u( ) 0c  and ∇ ⋅ =n u( ) 0i . Because n u( )c and n u( )i are mutually orthogonal, the decomposition 
of the kinetic energy density follows:   = +c i

kin kin kin, where  = m n u( /2) ( )c i c i
kin

, , 2. Physically  c
kin and  i

kin 
correspond respectively to the kinetic energy densities of the sound wave and the swirls in a superflow.

To study the scaling laws of the turbulence, it is to transform E t( )c i
kin

,  to the k space using the sum rule 
∫=

∞
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The velocity field of the superflow may change constantly, but the energy spectrum  D
i c
1
,  will take on a station-

ary form as time increases.

Scaling Laws
Figure 2 displays both the equilibrium compressible (top) and incompressible (bottom) parts of the time-averaged 
energy spectrum  k( )D

i c
1
,

  in the window of t = 150 ± 2.5. From the longest to shortest length scales, or the smallest 
to largest k scales, three scaling laws are identified in both parts.

Wave turbulence. In view of Fig. 2(a) for the changes in the compressible energy, we have identified that a 
waveaction-cascade k−1/3 spectrum occurs at ks < k < kM, which corresponds to the condensation process. An 
energy-cascade k−1 spectrum at kM < k < kR is also identified, which corresponds to energy transport away from 
the interior of the condensate through splitting into small-scale sound waves. The lower limit of the k−1/3 
waveaction-cascade spectrum is ks = 2π/s ≈ 1.8, where s ≈ 3.5 corresponds to the eventual condensate size and 
represents the longest length scale of the system. The upper limit of the k−1/3 scaling law is near the wavevector kM. 
As shown in Fig. 1 in the firat Brillouin zone of a 2D hexagonal lattice, π= Γ = ≈ .k M d2 4 / 3 5 2M . The lower 
(upper) limit of the k−1 scaling law is near the wavevector kM (KR), where kR = 2π/R ≈ 21.5 with R corresponding 
to the radius of the SS droplet (see Fig. 1). The k−1/3 waveaction-cascade and k−1 energy-cascade are the two scal-
ing laws commonly seen in a 2D SF BEC. Both spectra correspond to a quadratic energy dispersion E ~ k2 at low 
k in an N = 4 process28.

In addition to the above two scaling laws, a new k−13/3 scaling law is seen to appear uniquely for the SS state 
in the ultraviolet regions, starting at kR. By examining and comparing the compressible energy spectrum near 
t = 75 (before equilibrium) to that near t = 150 (after equilibrium), it is found that the ultraviolet energy spectrum 
increases at smaller k’s and decreases at larger k’s in the time frame. It means that the direction of energy flux in 
k space is from larger k to smaller k28. We thus conclude that this new −13/3 scaling corresponds to an inverse 
waveaction-cascade.

Figure 2. Equilibrium (a) compressible and (b) incompressible time-averaged kinetic energy spectrum 
obtained at time near t = 150. From the smallest to largest k scales of the system, three scaling laws are identified 
in both parts, with the corresponding powers noted in the legend. ks and kd are two common important 
wavevectors in both parts. kM and kR are two critical wavevectors in part (a) and kd′ and ka are two critical 
wavevectors in part (b).
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We propose that the new −13/3 scaling law is the signature in WT for a 2D SS. The lower limit of this spec-
trum at kR is consistent with the radius of the SS droplet. The upper limit is expected to be bounded by the shortest 
length scale of the system, i.e., the healing length ξ ≈ 0.05. It will correspond to a wavevector kξ = 2π/ξ ≈ 125. In 
Fig. 2(a), the calculated −13/3 spectrum for a 2D trapped Rydberg-dressed BEC is only shown for wavevectors up 
to k ~ 35. Due to the effect of computing resolution, the spectrum deviates from a straight line at k 50. To verify 
whether this new scaling law can sustain a larger k range when computing resolution is increased, we perform a 
calculation on a similar system without the trap (by setting trapping frequency ω → 0). The kind of calculation 
enables one to simulate an infinite system by using a unit cell. In this case, the result of WT spectrum is shown in 
Fig. 3 for the ultraviolet regime. The k−13/3 spectrum is seen to cover almost a decade, ranging from k 15 to 80.

The compressible and incompressible sectors can possibly interact in the presence of the static spatial mod-
ulation. Therefore it is important to justify the new −13/3 scaling law as the value is close to the Saffman −4 law 
appearing in the incompressible sector [see Fig. 2(b)]. We have applied the method of least squares within the 
relevant scales and the line of best fits, to the results in Fig. 3, appears to have a slope −4.318. This number is 
consistent with the proposed −13/3. In any case, one should be more careful. The value −4.318 quoted implies 
the accuracy in the fourth digit and the exponent −13/3 coincides with −4.318 only up to the second digit, thus 
the error bar on the exponent is about 0.01 (or 2%). However, if taking into account the short-scale fluctuations 
happening near k = 60 (see Fig. 3) which covers roughly 1/4 of the order, and when comparing to best-fit line that 
covers about 4 orders of magnitude, the relative error of the exponent could be up to 1/16 (or 6%). Thus the error 
bar on the −13/3 law could be up to ~0.25. This means that the law −13/3 can well be −4.0 or −4.5 and accord-
ingly, the appearance of the Saffman −4 law can not be excluded.

The new k−13/3 waveaction-cascade associated with the formation of SS is very distinct from the k−1/3 
waveaction-cascade associated with the formation of condensate. The lower bound of the new k−13/3 scaling coin-
cides with the radius R of the SS droplet, while the lower bound of the k−1/3 scaling coincides with the eventual 
radius s of the condensate.

Vortex turbulence. In the incompressible VT energy spectra displayed in Fig. 2(b), both Kolmogorov k−5/3 
and Saffman k−4 scaling laws are identified. The Kolmogorov k−5/3 scaling law occurs at kd′ < k < ka. The lower 
limit kd′ = 2π/d′ ≈ 8 with d′ = d − 2R ≈ 0.8 corresponding to the gap between two adjacent SS droplets (note that 
when R → 0, d′ → d). Whereas the upper limit ka = 2π/a ≈ 14 with a ≈ 0.45 corresponding to the radius of the 
maximum circle formed in the interior of the three adjacent SS droplets. The geometry gives a simple relationship 
between the three characteristic lengths: = +d a R/ 3  or correspondingly = +k k k1/ 3 1/ 1/d a R. The radius 
a also corresponds to the range over which the fluctuating vortices are mainly located [see Fig. 4(c,d)]. The lower 
limit of the Saffman k−4 scaling law occurs at ka, while the upper limit is expected to be bound by the largest k 
scale, kξ, as well.

In addition to the Kolmogorov k−5/3 and Saffman k−4 scaling laws commonly seen in VT for a 2D SF BEC, we 
also identify a strong k−1 scaling law that covers almost a decade of the k range in the infrared regime. The k−1 
spectrum corresponds to the motions of many independent vortices or antivortices27,51,52. Oscillation of the SS 
can constantly create vortices and antivortices in the interior, and such a fast vortex-antivortex creation and anni-
hilation cycle results in the k−1 scaling. The lower limit of the k−1 scaling also coincides with the longest length 
scale s of the system, while the upper limit coincides with kd′.

Because hexagonal lattice is one of the most critical characteristics of the present system, lattice constant d 
or correspondingly wavevector kd plays a crucial role in both the compressible and incompressible spectra. One 
sees in Fig. 2(a,b) that energy peaks rise and fall at k = kd in both the compressible and incompressible spectra. 

Figure 3. The new WT −13/3 scaling law for a 2D SS is shown to cover a large k range in a Rydberg-dressed 
BEC without the trapping potential. Same parameters are used as those in Fig. 2 except setting trapping 
frequency ω → 0. Taking into account the short-scale fluctuations near k = 60, the error bar on the −13/3 law is 
estimated to be ~0.25.
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The rise and fall of peaks are especially obvious in the incompressible one, which correspond to the creation and 
annihilation of vortices in the interior of the SS structure.

Local Energy density distribution. It is also important and interesting to see how the order parameter and 
energy density distribute in real space. At time t = 150 after the equilibrium, Fig. 4(a) plots the normalized wave 
function (the order parameter) |Ψ(r)| in a square space. Both the initial and eventual sizes (RTF = 6Rc and 
s ≈ 3.5Rc) of the condensate are displayed. SS structure is seen to be robustly sustained. Figure 4(b,c) present the 
corresponding compressible and incompressible local energy densities,  r( )c

kin  and  r( )i
kin . The compressible and 

incompressible local energy distributions are seen to overlap strongly not only in the border area but also in the 
interior. The inset in Fig. 4(b) shows clearly that the radius R of the SS droplet plays an important role in the WT 
of a SS. This also explains why the lower bound of the new k−13/3 scaling law coincides with kR.

Because of the formation of the hexagonal SS lattice, the fluctuating vortices shown in Fig. 4(c) for VT are seen 
to form an analogous hexagonal structure in the interior part. That is, the density distribution of the vortex core 
is highly inhomogeneous. This explains why the lower bound of the Saffman k−4 scaling coincides with a short 
length scale a. To see this in more details, we plot in Fig. 4(d) the stream function φ(r) associated with the velocity 
field n u53. It is the solution of Poisson’s equation φ∇ = ⋅ Ω

→
ẑ2 , where Ω

→
= ∇ × n u( ) is the 2D vorticity 

vector. In Fig. 4(d), the colors indicate the corresponding values of φ(r), and the locations and structures of eddies 
can be easily recognized by families of closed streamlines. From the definition of the vorticity vector Ω

→
, we note 

that the singular and regular parts of Ω
→

 are modulated by n  and its gradient, respectively. As a result, the mag-
nitude of the vorticity Ω

→
 of a vortex in high-density area is greater than that of a vortex in low-density area and, 

with such reasoning, we state that an eddy is energetically “larger” if it contains more circumfluent particles. 
Figure 4(d) clearly shows that the streams are mostly concentrated in a circle of radius a, which indicates that the 

Figure 4. (a) Normalized wave function ψ obtained at t = 150. Dotted white and dashed green circles 
respectively indicate the initial and eventual sizes of the condensate with RTF = 6 and s ≈ 3.5. (b) Compressible 
kinetic energy densities with the inset showing that the radius R of the SS droplet being a crucial length scale for 
the k−13/3 scaling law in WT. (c) Incompressible kinetic energy densities showing that the fluctuating vortices 
also from a hexagonal structure for VT. (d) Stream function φ(r) of the corresponding vector field showing that 
the circle of radius a represents the area where the fluctuating vortices mainly locate.
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fluctuating vortices mainly reside in this region. The figure also reveals that the streamline bundles form a (fluc-
tuating) hexagonal structure, which is consistent with the incompressible VT energy spectra displayed in Fig. 4(c).

On the −13/3 scaling law
It is important to investigate what causes the new WT −13/3 scaling law? As mentioned before, the −13/3 scaling 
law corresponds to an inverse waveaction cascade, so we proceed to search for what wave is responsible for. Let us 
first consider a wave that has an effective dispersion ωk ~ λkα for certain k range, where λ is a positive parameter 
and α is the power. The dimension of λ is thus [λ] = [t]−1[l]α with l (t) denoting the length (time) scale. The 
energy balance equation reads as  ε∂ + ∂ = k( ) 0t D k1 , where  D1  is the local (compressible) kinetic-energy den-
sity spectrum [see Eq. (2)] and ε is the corresponding energy flux. Besides,  D1  is related to the total (compressi-
ble) kinetic energy density E via ∫= E dkD1 . The dimensions of E,  D1 , and ε are thus [E] = [l]5−D[t]−2, 
 = − −
 l t[ ] [ ] [ ]D

D
1

6 2, and [ε] = [l]5−D[t]−3, respectively with D the dimension of the system in real space28. In an 
N–wave process, one also has the rate relation, ε ∼ ∼ −

E EN 1.
In addition to the conserved energy, for an even number N–wave process (as for the GPE simulation, N = 4), 

the total waveaction or “particle number”, ∫ ∫ω ≡ dk n dk/D k k1 , is also conserved for the N/2 → N/2 processes. 
Thus one can also have the following waveaction balance equation, ∂tnk + ∂kζ = 0, where ζ = ε/ωk is the waveac-
tion flux. The dimensions of nk and ζ are [nk] = [l]6−D[t]−1 and [ζ] = [l]5−D[t]−2, respectively. Analogous to that for 
ε, one also has a rate relation for ζ, ζ ~ EN−1. With the above dimension analyses, one can come up the following 
scaling law for the energy spectrum associated with the conservation of waveactions:  λ ζ∼ −

 kD
x N y

1
1/( 1) . 

Explicitly28

α
= −

−
= − +

− + −
−

.x
N

y D D N
N

2 2
1

and 6 5 2 ( 2)
1 (3)

Substitution of N = 4 into the first equation of (3) gives x = 4/3. More interestingly, substitution of D = 2, 
N = 4, and the identified power y = −13/3 into the second equation of (3) gives α = −1. This indicates that the 
wave which causes the new WT −13/3 scaling law has an effective dispersion with a minus-one power at the 
relevant scales:

ω λ∼ .−k (4)k
1

It is of great interest if one can solve the entire wave dispersion for the current Rydberg-dressed BEC system 
and confirm that ωk ~ λk−1 for k ~ kR. This is not feasible, however. We instead seek for ideas from the elementary 
excitation to which analytical results are available for the system32. In the absence of the trapping potential, the 
stable elementary excitation of the system in the SF state (when coupling constant Λ < Λc) behaves as

  
ω =





 +







∼k k
m

k
m

n U k( )
2 2

2 ( ) ,
(5)

2 2 2 2

0

where n0 is the uniform density and = | |
∼ ∼U k U k( ) ( ) is the Fourier transformation of the isotropic soft-core inter-

action function U(r) introduced earlier. Since ∼U k( ) is negative in certain k intervals, dispersion (5) could become 
unstable when Λ > Λc. It means that above the critical point, an instability, named “roton instability”, occurs and 
the SF state will transition into a periodic SS state. In Fig. 5, based on Eq. (5) the blue and red curves plot the 

Figure 5. Blue and red curves plot the elementary excitation spectra ω(k) for the SF state at Λ Λ c and 
Λ Λc respectively, obtained from (5). Orange curve plots the longitudinal elementary excitation spectrum 

ω(k) along Γ-M direction (see Fig. 1) for the hexagonal SS state at Λ > Λc, obtained by solving the BdG equation. 
Black line displays the k−1 asymptotic behaviors of the orange curve at → −k kM.
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elementary excitation spectra ω(k) for the stable SF state at Λ Λ c and Λ Λc, respectively. Whereas orange 
curve plots the longitudinal elementary excitation spectrum ω(k) for the periodic hexagonal SS state at Λ > Λc 
which is obtained by solving the Bogoliubov-de Gennes (BdG) equation. Of most interest, a low-energy gapless 
mode is seen to appear at → −k kM for the SS state, where kM is defined in Fig. 1. As displayed by the black line in 
Fig. 5, the asymptotic behavior of the orange curve at → −k kM  does exhibit a minus-one power dispersion, 
ω(k) ~ k−1.

The low-energy gapless k−1 elementary excitation does not have a direct relation to the new −13/3 WT scaling 
law though. One reason is that the low-energy gapless k−1 elementary excitation occurs at kM, while the k−1 wave 
dispersion that causes the new −13/3 WT scaling law occurs at kR. Secondly, the wave that causes the new −13/3 
WT scaling law should have relatively high energy, while the k−1 elementary excitation is the low-energy one. 
Nevertheless, it still shed light on why in the SS state, the wave dispersion behaves ~k−1 in the ultraviolet regions. 
When Λ > Λc in the SS state, negative part of ∼U k( ) can result in a significant reduction in the energy spectrum. The 
free-particle wave dispersion k2 for the kinetic energy can be significantly reduced and consequently a down-turn 
ω(k) can occur. A down-turn dispersion implies a negative power. As for why the new −13/3 WT scaling law 
coincides with kR, it can be understood in this way. When SS forms, the condensed atoms pile up in a lattice of 
droplets. Thus the ultraviolet waves will conform to the droplets with an onset wavevector kR.

Conclusion
In summary, quantum turbulence including both wave and vortex dynamics is investigated in a 2D trapped 
Rydberg-dressed Supersolid (SS). The SS state of the Rydberg-dressed BEC occurs when the coupling constant 
is over a critical point. Of most interest, we discover a new −13/3 scaling law in the wave turbulence, which is 
the signature for the 2D SS state. This −13/3 scaling implies that the wave has an effective k−1 dispersion at the 
wavevector consistent with the radius of the SS droplets. As self-organized structure associated with density mod-
ulation can exist in a variety of systems from nonlinear optics42, water waves43, plasma44,45, to planetary waves46, 
our study should shed some light on the wave turbulence of other systems.
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We numerically simulate an oscillating Bose-Einstein condensate in a disordered trap [Phys. Rev. A82,
033603 (2010)] and the results are in good agreement with theexperiment. It allows us to verify that total
energy and particle number are conserved in this quantum system. The disorder acts as a medium, which
results in a relaxation from nonequilibrium to equilibrium, i.e., thermalization. An algebraic localization
is realized when the system approaches the equilibrium, andif the system falls into the regime when
the healing length of the condensate exceeds the correlation length of the disorder, exponential Anderson
localization is to be observed.

Anderson localization (AL) had been a long-studied phe-
nomenon in electronic systems [1] . When transporting in
an environment with random disorder, waves of electrons
get localized after multiple scattering with the disorder.Re-
cently there is a resurgence of studies of AL in a variety of
systems such as the photonic crystals [2, 3], the ultrasound
in 3D elastic networks [4], the quantum chaotic systems
[5], and the cold atoms [6, 7]. The experiment [6] of cold
atoms was done by expanding Bose condensate in a weak
random potential in which the healing length (ξ) of the con-
densate exceeds the correlation length (σD) of the disorder,
ξ > σD. In this regime, the particle interaction is relatively
unimportant to whichξ → ∞ corresponds to a noninter-
acting limit. The experiment [6] confirmed that the local-
ized condensate exhibits anexponentialdensity profile in
a one-dimensional geometry, in agreement with the theory
of Sanchez-Palenciaet al. [8].

In this Letter, we show that an oscillating condensate in
a disordered trap, such as the experiment done by Drieset
al. [9], can also exhibit AL when it comes to equilibrium
and if it falls into the regimeξ > σD. Using exactly the
same parameters of the experiment reported in Fig. 2 of
Ref. [9] for ξ < σD, we perform a numerical simulation
based on the Gross-Pitaveskii (GP) approach in the pres-
ence of a spatially random disorder potential. The results
are in good agreement with the experiment as far as the
overall spatial dynamics is concerned. It allows us to verify
that when time passes a relaxation timetc (discussed later),
the system enters analgebraical localized state [8]. This
motivates to carry out another simulation with the same pa-
rameters except by reducingσD to makeξ > σD. In this
case, exponential AL is eventually observed.

Another important factor in such a system is that it pro-
vides a simple framework to investigate the long-standing
question on how an “isolated” many-body quantum system,
without coupling to the reservoir, can relax to a steady state
that seems to be in thermodynamic equilibrium,i.e., ther-
malization [10–12]. Our results show that total energy and
particle number of the system are conserved and temporal
entropy reveals that a relaxation process from nonequilib-

rium to equilibrium does exhibit. Random disorder plays
the role of amedium(or transistor) which results in the ex-
change of partial kinetic energy with partial potential en-
ergy. Whent ≫ tc, the system reaches a thermodynamic
equilibrium in which both kinetic and potential energies
come to a constant. There is no dissipation of the total en-
ergy through any kind offriction. It becomes evident that
the thermalization to equilibrium is accompanied by the lo-
calization in the system.

To make a direct comparison with the experiment re-
ported in Fig. 2 of Ref. [9], we consider a 1D Bose gas
with a repulsive contact interaction that is trapped in a har-
monic potentialVho(z) = mω2z2/2. In the dilute and
ultracold condition, the condensate wave functionψ (z, t)
is governed by the GP equation in the presence of a real
spatially random disordered potentialVdis(z),

i~∂tψ =

[
− ~

2

2m
∂2
z + Vho(z) + Vdis(z) +Ng |ψ|2 − µ

]
ψ.

(1)
HereN is the total number of atoms,g is the coupling con-
stant of contact interaction,µ is the chemical potential, and
ψ is normalized to one,

∫
|ψ|2dz = 1. The healing length

at the center of the condensate is defined asξ = ~/
√
2mµ.

The disorder correlation length,σD, is defined by fit-
ting the autocorrelation function〈Vdis(z)Vdis(z +∆z)〉 =
V 2

D exp(−2∆z2/σ2
D) with VD the strength ofVdis(z) [13].

In the experiment, the condensate is released at a posi-
tion off the center of the harmonic trap that results in the
subsequent oscillations. For numerical convenience, we
take an alternative scheme such that the condensate is re-
leased at the trap center but with an initial velocity. To
obtain an initial wave function with a velocityv0, we apply
the Galilean transformation:ψ = ϕ exp(imv0z) and in
the absence of disorder, the corresponding GP equation for
the residual wave functionϕ is

i~∂tϕ =

[
1

2m

(
~

i
∂z −mv0

)2

+ Vho (z) +Ng |ϕ|2 − µ

]
ϕ.

(2)
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FIG. 1. (a) Spatial and temporal distribution of an oscillating condensate. The calculated norm of the spatial condensate wave function
are potted inz-direction at various times. Black dots are the experimentally measured temporal center-of-mass coordinates, taken from
Fig. 2 of Ref. [9]. (b) & (c) Close examinations of the resultsfor t < tc ≈ 4s (nonequilibrium) and fort > tc (approaching the
equilibrium in accompany of localization).

Long-term imaginary-time evolution of Eq. (2) givesϕ
which in turn gives the initial wave functionψ. A cutoff
wavevectorkc corresponding to the shortest length scale or
the largestk scale in association with the healing length

ξ is naturally introduced in the simulation which gives the
best results. In natural units:~ = m = ω = 1, experimen-
tal parameters areµ = 200, v0 = 37.5, VD = 50.9, and
σD = 0.25 that correspond to the regimeξ < σD [9].

Fig. 1(a) shows the spatial and temporal results of the os-
cillating condensate simulation. We plot, at various times,
the calculated norm of the spatial condensate wave func-
tion in z-direction. For comparison, black dots correspond
to experimentally measured temporal center-of-mass coor-
dinates (reported in Fig. 2 of Ref. [9]). Surprisingly it gives
a very good agreement between the simulation and the ex-
periment. Close examinations of the results are shown in
Fig. 1(b) for t < tc ≈ 4s when the system is still out
of equilibrium and in Fig. 1(c) fort > tc when the sys-
tem is approaching the equilibrium. In view of Fig. 1(b),
the calculated temporal density maxima match well with
the experimental data points. One also sees that a minor
(long-tail) part of atoms oscillate out-of-phase to the major
(central) part of atoms, which is consistent with the experi-
mental observation (see, for example, Fig. 5 in Ref. [9]). In
the experiment [9], the system was considered to be sepa-
rated into a thermal (non-condensed) component and a con-
densed component. At this earlier stage (t < tc), no major
localization is yet to occur and our major (central) part cor-
responds to their condensed component, while our minor
(long-tail) part corresponds to their thermal component.

Fig. 1(c) shows the regime when the system is approach-

ing the equilibrium and the vast localization has occurred.
In this regime, the system is seen to consist of both local-
ized and extended parts – localized part mainly exists in
the long-tail area and extended part mainly exists in the
central area [14]. One sees that the oscillations of the cen-
tral extended parts are significantly reduced compared to
those att < tc. It signals that the system is approaching
the equilibrium. In contrast, the long-tail part is seen to be
completely static as the clear evidence of localization. In
the two-component scenario of Ref. [9]), it says that the
thermal (incoherent) component gets localized, while the
condensed (coherent) component remains extended.

The good agreement between the simulation and the ex-
periment allows us to study in more details the two im-
portant phenomena,thermalizationandlocalization. Total
energy of the system consists of four terms:Etot(t) =
Ekin(t) + Epot(t) + Edis(t) + Eint(t), where the ki-
netic energyEkin(t) =

∫
|~∂zψ|2 / (2m) dz, the poten-

tial energyEpot(t) =
∫
Vho |ψ|2 dz, the disorder en-

ergyEdis(t) =
∫
Vdis |ψ|2 dz, and the interaction energy

Eint(t) = (Ng/2)
∫
|ψ|4 dz. Fig. 2 shows the time evolu-

tion of the four energies, respectively. As random disorder



3

FIG. 2. Time evolution of the four energies in association with
the dynamics shown in Fig. 1. Total energy is conserved for the
entire process.

potential is rapidly varying in space,Edis ≃ 0 (purple line)
for the entire process. Moreover, because both the trapping
and disorder potentials are real and time-independent, one
expects that there is no energy loss. Conservation of to-
tal energy is indeed shown in Fig. 2 (black line). Of most
interest, during the process partial kinetic energy is in ex-
change with partial potential energy and whent≫ tc, both
energies are expected to come to a constant. It seems that
the dissipation discussed in Refs. [9, 15, 16] can be realized
as the result of the exchange between kinetic and potential
energies.

In the current weakly interacting system,Eint is rela-
tively small compared to bothEkin andEpot. Thus the
energy exchange occurs mainly betweenEkin andEpot.
Moreover, as clearly seen in Fig. 2, the energy exchange
rate or the transportation of the condensate is significantly
reduced whent > tc. One can also verify whether the
virial theorem is satisfied when the system approaches the
equilibrium. For the current system described by the GP
equation (1), the following condition

2Ekin − 2Epot + dEint = 0 (3)

with d the dimension should be satisfied at equilibrium
[17]. From Fig. 2, the conditionEpot ≃ Ekin + Eint/2
is indeed satisfied withd = 1.

Owing to the randomness nature of the wave func-
tion, it is particularly useful to study the correspond-
ing waveaction spectrumnk(t) in the context of wave
turbulence [18]. When expressing the condensate wave
function ψ (z, t) in terms of Madelung transformation,
ψ (z, t) =

√
ρ (z, t) exp [iϕ (z, t)] with ρ andϕ the den-

sity and phase, the hydrodynamic kinetic-energy density is
K = (m/2) |

(√
ρu

)
|2 with u ≡ (~/m) ∂zϕ the veloc-

ity. To study the scaling laws, one applies the sum rule:
K(t) =

∫ kc

0
K̃ (k, t) dk, where K̃ (k, t) is the kinetic-

energy spectrum andkc is the cutoff wavevector mentioned

FIG. 3. Temporal entropy of the oscillating condensate calculated
from the simulation in Fig. 1. The inset shows the Rayleigh-
Jeans spectrum for the waveaction att = 7.3s when the system
approaches the equilibrium.tc ≈ 4s is the relaxation time.

earlier. The corresponding waveaction spectrum is then
given bynk (t) = k−2K̃ (k, t) and one can define the en-
tropyS(t) in association withnk [19–22],

S(t) =

∫
dk ln [nk(t)] . (4)

Results ofS(t) are shown in Fig. 3. Major features are
that∆S(t) ≡ lim∆t→0[S(t + ∆t) − S(t)] > 0 when
t < tc and∆S(t) → 0 whent > tc. It unambiguously
identifies that thermalization is developed in the system.
In earlier process, one also sees the Fermi-Pasta-Ulam-
Tsingou (FPUT) recurrence effect that is consistent with
the oscillation of the system. In the inset of Fig. 3, we show
nk at t = 7.3s≫ tc. It follows the Rayleigh-Jeans spec-
trum,nk ∼ k−2, which indicates that the energy spectrum
K̃ is a constant, or equipartition ink space. In other words,
the system corresponds to a non-dissipative one with a de-
tailed balance.

Here we discuss the relaxation timetc. As studied by
Bhongaleet al. [15], by comparing the condensate center-
of-mass speedv to the sound speedc ≡

√
µ/m, the entire

oscillation process can be divided into fast or supersonic
(v > c) and slow or subsonic (v < c) regions. When
v ≤ c, the relatively slow motion of the (central) extended
part does not affect much the distribution of the (long-tail)
localized part. As a matter of fact, the relaxation timetc
can be well defined as the time when the center-of-mass
speed is equal to the sound speed (v = c). It has been
identified for the experiment [9] thattc ≃ 4s whenv = c
and it is consistent with the value quoted according to the
results ofS(t) in Fig. 3.

Finally we investigate in details whether a localization
can be seen in the oscillation experiment. In a semi-log
plot, Fig. 4(a) shows the eventual spatial density distribu-
tions att = 7.3s. To smoothen the spikes arising from
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FIG. 4. (a) In a semi-log plot, for the caseξ < σD the eventual
density distribution att = 7.3s is shown to exhibit an algebraic
profile at20 < |z| < 70. (b) A similar study for the caseξ >

σD, where an AL exponential profile is obtained for the eventual
density distribution att = 3.7s. The fitting Lyapunov exponent is
γeff = 0.025.

randomness, the results are taken as the average over a pe-
riod. As shown in Fig. 4(a), it is verified that for the current
ξ < σD case the condensate is algebraically localized, in
accordance with the previous theory [8]. As mentioned ear-
lier, in the presence of random disorder, the condensate is
actually separated into both localized and extended parts.
In a free expansion experiment, the extended part will es-
cape whereas the localized part will remain [6]. When a
trapping potential is in place, the moving extended part is
eventually stopped at the center of the trap, whereas the
localized part comprises the long tails of the condensate.
Fig. 4(a) shows a well-fitting curve|ψ(z)|2 ∼ |z|−2 at the
range20 < |z| < 70. The lower bound is determined by
the initial size of the condensate, i.e., the Thomas-Fermi
radiusRTF =

√
2µ = 20, and the off-fitting data out of

the range|z| > 70 is due to the trapping effect.

Can the AL be seen in a similar oscillation experi-
ment? Here we perform another simulation for the same
parameters except by reducingσD to 0.01 to make the
regime ξ > σD. In this case, the relaxation time is
tc ≃ 2s only. As shown in Fig. 4(b), the results of the
eventual density distributions att = 3.7s are well fit-
ted by an exponential one,|ψ (z)|2 ∼ exp (−2γeff |z|)
with γeff the Lyapunov exponent [8]. The fittingγeff is
also in good agreement with the analytic one,γeff =
(π/32ξ)(VD/µ)

2(σD/ξ) exp[−(σD/ξ)
2] ≈ 0.025. Com-

pared to the caseξ < σD, higher percentage of atoms can
be localized in the caseξ > σD. Thus one sees that the fit-
ting is as good as in the range0 < |z| < 70. The off-fitting
data out of the range is again due to the trapping effect.

In summary, we propose that Anderson localization can
be observed in an oscillating condensate in a disordered
trap when the system comes to an equilibrium and when
the healing length of the condensate is exceeding the disor-
der correlation length. In addition, we show that in such an
“isolated” system, the disorder plays the role as a medium
and through it, the system undergoes a relaxation process

from nonequilibrium to equilibrium. The occurrence of lo-
calization can thus be viewed as the development of ther-
malization in the system.
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[5] J. Chabé, G. Lemarié, B. Grémaud, D. Delande, P. Szrift-
giser, and J. C. Garreau, Phys. Rev. Lett.101, 255702
(2008).

[6] J. Billy, V. Josse, Z. Zuo, A. Bernard, B. Hambrecht, P. Lu-
gan, D. Clment, L. Sanchez-Palencia, P. Bouyer, and A. As-
pect, Nature453, 891 (2008).

[7] G. Roati, C. D’Errico, L. Fallani, M. Fattori, C. Fort, M.Za-
ccanti, G. Modugno, M. Modugno, and M. Inguscio, Nature
453, 895 (2008).

[8] L. Sanchez-Palencia, D. Clément, P. Lugan, P. Bouyer, G. V.
Shlyapnikov, and A. Aspect, Phys. Rev. Lett.98, 210401
(2007).

[9] D. Dries, S. E. Pollack, J. M. Hitchcock, and R. G. Hulet,
Phys. Rev. A82, 033603 (2010).

[10] A. Polkovnikov, K. Sengupta, A. Silva, and M. Vengalat-
tore, Rev. Mod. Phys.83, 863 (2011).

[11] R. Nandkishore and D. A. Huse, Annual Review of Con-
densed Matter Physics6, 15 (2015).

[12] C. Gogolin and J. Eisert, Reports on Progress in Physics79,
056001 (2016).

[13] Y. P. Chen, J. Hitchcock, D. Dries, M. Junker, C. Welford,
and R. G. Hulet, Phys. Rev. A77, 033632 (2008).
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1 Introduction

One of the longstanding questions in statistical mechanics is that how an
isolated system can relax from nonequilibrium to equilibrium, i.e., thermal-
ization [1–4]. This question also connects to how occurs the second law of
thermodynamics and what orientates the direction of the time. In one our
recent paper [5], we numerically simulate an oscillating Bose-Einstein conden-
sate (BEC) in a disordered trap [6] and the results are in good agreement
with the experiment. It showed that when the healing length ξ of the conden-
sate is shorter than the correlation length σD of the disorder, the system can
eventually approach a thermodynamic equilibrium that is accompanied by an
algebraic localization. In this paper, we show that an oscillating BEC in the
weakly interacting or Anderson localization regime, ξ > σD, can also exhibit
a relaxation process from nonequilibrium to equilibrium.

In the literature, most of works concerning the thermalization in a non-
linear system focused on the condensation process of nonlinear waves with a
given incoherent initial condition [7–9]. In these systems, the interaction be-
tween particles plays the central role towards the thermalization. In this work,
in contrast, we focus on a condensate with amoving coherent initial state where
the thermalization arises due to the random disorder. It is worth noting that
for the present system the disorder does not cause any energy dissipation. It
acts as a medium which results in the exchange of partial kinetic energy with
partial potential energy and the subsequent equilibrium. As a consequence,
random disorder is realized as another route towards the thermalization.

2 Theoretical Approach

We consider a 1D Bose gas with a repulsive contact interaction that is confined
in a harmonic potential Vh (z) = mω2z2/2. In the dilute and ultracold condi-

tion, the condensate wave function ψ (z, t), normalized to one,
∫
|ψ|2 dz = 1,

is governed by the Gross-Pitaveskii (GP) equation in the presence of a real
spatially random disordered potential VD (z),

ih̄∂tψ (z, t) =

[
− h̄

2∂2z
2m

+ Vh (z) + VD (z) + g |ψ (z, t)|2
]
ψ (z, t) . (1)

The healing length at the center of the condensate is defined as ξ = h̄/
√
2mµ,

where µ =
(
3g/25

)2/3
is the chemical potential with g the coupling constant

of contact interaction. The disorder correlation length σD is defined by fitting
the autocorrelation function ⟨VD(z)VD(z +∆z)⟩ = V 2

0 exp
(
−2∆z2/σ2

D

)
with

V0 the strength of VD (z). In the experiment [6], the condensate is released at
a position off the center of the harmonic trap that results in the subsequent
oscillations. For numerical convenience, we take the alternative scheme such
that the condensate is released at the trap center but with an initial veloc-
ity v0. To obtain an initial wave function with a velocity v0, we apply the
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Galilean transformation: ψ = φ exp (imv0z) and in the absence of disorder,
the corresponding GP equation for the residual wave function φ is

ih̄∂tφ (z, t) =

[
1

2m

(
h̄

i
∂z −mv0

)2

+ Vh (z) + g |φ (z, t)|2
]
φ (z, t) . (2)

Long-term imaginary-time evolution of Eq. (2) gives φ which in turn gives the
initial wave function ψ. The experimental parameters are ω = 2π × 5.5 Hz,
µ = h×1.1 kHz, V0/h = 280 Hz, and oscillation amplitude A = 0.6 mm which
yields an initial peak velocity v0 = 20 mm/s. Throughout the calculations, we
use lh =

√
h̄/mω and τh = ω−1 as the units of length and time respectively.

The experiment [6] was performed using σD = 0.25lh that falls into the regime
ξ < σD. Here we instead choose σD = 0.01lh that corresponds to the regime
ξ > σD of Anderson localization [10].

Thermalization is intimately related to the flux, energy, or particle wave-
action between the microstates. Owing to the random disorder, the wave func-
tion ψ is seen to exhibit an irreversible evolution towards thermal equilibrium.
Thermalization phenomenon can be studied in terms of effective diffusion in
the momentum space. Such salient properties of energy or waveaction flux is
well described in the context of wave-turbulence (WT) theory. In this work,
we shall apply the WT theory to study the equilibrium properties of the sys-
tem. In this regard, it is useful to express the condensate wave function in
form of Madelung transformation, ψ(z, t) =

√
ρ(z, t) exp[iϕ(z, t)] with ρ and

ϕ the density and phase, respectively. As a result, total energy of the system
can be expressed as the sum of five terms, Etot(t) = Ehyd(t) + Equm(t) +
Epot(t) + Edis(t) + Eint(t), where Ehyd = (h̄2/2m)

∫
ρ|∇ϕ|2dz is the hydro-

dynamic kinetic energy, Equm = (h̄2/2m)
∫
|∇√

ρ|2dz is the quantum pres-
sure energy, Epot =

∫
ρVhdz is the trapping energy, Edis =

∫
ρVDdz is the

disorder-potential energy, and Eint = (g/2)
∫
ρ2dz is the interaction energy.

To characterize the energy flux, we employ the sum rule in wave number k

space: Ehyd (t) =
∫ kc

0
Ehyd (k, t) dk, where kc is an ultraviolet cutoff and the

hydrodynamic kinetic energy spectrum

Ehyd (k, t) =
h̄2

m

∣∣∣∣∫ exp (−ikz)
√
ρ (z, t)∂zϕ (z, t) dz

∣∣∣∣2 . (3)

We will elaborate the cutoff kc later.

3 Results and Discussions

Virial theorem describes the relationship between various energies of a system
when it approaches the equilibrium. For the current system described by the
GP equation (1), according to the virial theorem the following condition should
be satisfied at equilibrium [11],

2Ekin − 2Epot + dEint = 0. (4)
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Fig. 1 Time evolution of four energies Ekin, Epot, Edis, and Eint discussed in text. Total
energy is conserved and Edis ≃ 0 for the entire process. Ekin, Epot, and Eint all come
to a constant at t → ∞ which evidences that the system is approaching the equilibrium.
Comparison of the red and green curves reveals that the condition of the virial theorem,
Epot ≃ Ekin + Eint/2, is satisfied at equilibrium. Ekin(t → ∞) ≡ kBT/2 ≈ 364h̄ω defines
the equilibrium temperature T ≈ 0.53 nK.

Here Ekin is the quantum kinetic energy consisting of both hydrodynamic
kinetic energy and quantum pressure energy, Ekin = Ehyd + Equm, and d
denotes the dimension. Fig. 1 shows the time evolution of the four energies,
Ekin, Epot, Edis, and Eint. As random disorder potential is rapidly varying
in space, Edis ≃ 0 (cyan line) for the entire process. Both the trapping and
disorder potentials are real and time-independent, thus one expects that there
is no energy loss. Conservation of total energy is indeed shown in Fig. 1 (black
line). Of most interest, during the process partial kinetic energy is in exchange
with partial potential energy and all Ekin, Epot, and Eint come to a constant
when t → ∞ that signals the equilibrium. Moreover, it is confirmed that the
condition (4) of virial theorem, Epot ≃ Ekin+Eint/2, is satisfied for the current
system with d = 1 (see the comparison between the red and green lines in
Fig. 1). One can define the equilibrium temperature T from the kinetic energy
at equilibrium, Ekin(t → ∞) ≡ kBT/2 ≃ 364h̄ω. It gives T ≃ 0.53 nK which
will be used to fit the waveaction spectrum in Fig. 2.

During the thermalization process, there are energy or waveaction flux
between the microstates. The waveaction spectrum can be given as [12]

nk =
m

h̄2k2
Ehyd (k, t) , (5)

where Ehyd is the hydrodynamic kinetic energy spectrum defined in (3). In
terms of nk, one can further define an entropy [7–9]

S (t) =

∫
lnnkdk. (6)
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Fig. 2 Temporal entropy of the oscillating condensate. The inset shows the corresponding
waveaction at t = 3.6s, that is well fitted by the Rayleigh-Jeans spectrum. The temperature
T of the fitting (red) curve agrees with the equilibrium Ekin ≈ 364h̄ω in Fig. 1.

For WT, the simplest steady state is the one corresponding to no flux of energy
or waveaction between the microstates – so called the Rayleigh-Jeans (RJ)
spectra. Thus RJ spectrum corresponds to a state of energy equipartition in
the k-space, or a non-dissipative state of detailed balancing for the local energy
transfer. For the current system, the corresponding RJ spectrum appears to
be

nRJ =
T

k2 + µ
, (7)

where T denotes the equilibrium kinetic energy or temperature (see Fig. 1)
and µ is the chemical potential.

In a real system, the RJ spectra can only be realized with a truncated kc
in the k-space, however. That is, only a large but finite number of modes are
involved in the RJ spectra. Such phenomenon is known as ultraviolet catas-
trophe. How a ultraviolet cutoff kc can make the RJ spectrum a legitimate
solution is a real issue. In our previous simulation [5] on the dipole oscillation
experiment with ξ < σD [6], the cutoff kc which gives the best fit is found to
be slightly smaller than the wave number corresponding to the healing length,
kξ ≡ 2π/ξ. It indicates that the optimal cutoff kc actually mimics the shortest
length scale or the largest k scale in association with the healing length of the
system. In the current case with ξ > σD, we shall use the similar cutoff kc.

Fig. 2 shows the evolution of the entropy. The inset shows the eventual
waveaction spectrum that is well fitted by the RJ spectrum (7). It unam-
biguously indicates that thermalization is developing in the system. In earlier
process, one also sees clear Fermi-Pasta-Ulam-Tsingou (FPUT) recurrence ef-
fect [13,14] that is consistent with the oscillation of the system.

Finally we derive the relevant equation of motion for the irreversible evo-
lution of the system. The GP equation (1) can be transformed to in the mo-
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mentum space:

ih̄∂tψ̃k = Ĥ0ψ̃k+
g

(2π)
2

∫
ψ̃∗
k3
ψ̃k2 ψ̃k1δ

3k
12dk1dk2dk3+

1

2π

∫
ṼD (k − k1) ψ̃k1dk1,

(8)

where Ĥ0 = h̄2k2/2m−mω2∂2k/2, δ
3k
12 = δ (k1 + k2 − k3 − k), and ψ̃k and ṼD

are the Fourier transformations of the wave function ψ(z) and the disorder

potential VD(z), respectively. Writing ψ̃k ≡
√
Dkk exp (iϕk) or Dkk ≡ ψ̃kψ̃

∗
k,

Eq. (8) can be reduced to a Boltzmann like equation and a coupled hydrody-
namic equation:

∂tDkk +
∂k
h̄

(FDkk) = ℑ{C [D]}+ ℑ{S [D]} (9)

∂tϕk = − h̄k
2

2m
− mω2

2h̄

[
(∂kϕk)

2 − ∂2k
√
Dkk√
Dkk

]
− ℜ{C [D]}

Dkk
− ℜ{S [D]}

Dkk
. (10)

Here F = mω2 (∂kϕk) corresponds to the force due to the harmonic trap,
ℑ and ℜ correspond to the imaginary and real parts, and C [D] and S [D]
correspond to the terms associated with the collision between particles and
the scattering by disorder, respectively. Explicitly

C [D] =
g

2π2h̄

∫
Dk2k3Dk1kδ

3k
12dk1dk2dk3 (11)

S [D] =
1

πh̄

∫
ṼD (k − k1)Dk1kdk1, (12)

where Dk1k ≡ ψ̃k1 ψ̃
∗
k.

In the case without the trap, F = 0, the Boltzmann like equation (9) re-

duces to a master equation in which the disorder potential ṼD plays the central
role of the transition matrix. In this case, the simplest stationary solution of
Eq. (9) occurs when all the off-diagonal terms vanish, Dk1k = 0 for all k1 ̸= k.
This corresponds to the detailed balancing which gives rise to the RJ spec-
trum. In the present case of a smooth trapping potential, F ≃ 0 seems to be
a good approximation and the above simplest stationary solution for F = 0
holds.

4 Conclusions

We show that an oscillating condensate in a disordered trap is an excellent sys-
tem to exhibit a relaxation process from nonequilibrium to equilibrium. Here
we focus on the case when the healing length of the condensate is exceeding
the correlation length of disorder – so-called the Anderson localization regime.
Due to the random disorder, the oscillating condensate is eventually stopped
that signals the equilibrium. We have confirmed that when the system comes
to the equilibrium, the entropy is maximized and the waveaction spectrum
follows the Rayleigh-Jeans dispersion. A Boltzmann like equation has been
derived to explain the role of the disorder.
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