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中 文 摘 要 ： 本研究成果分成兩大部分：第一部分是解決了 Lemmens-Seidel 猜
想的大部分情況，幾乎確定在維度至少 23 的實歐氏空間中，角度
是 1/5 的等角線族的最大線數。解決的主要工具是仔細地分析支柱
分解中各支柱容許的直線數量。第二部分首先驗證目前知道的低維
度等角線族的構造是最大的，再利用隨機方法生成新的等角線族。
其中我們建構了 18 維空間中的 56 條等角線，是目前所知該維度
的最大的等角線族。

中文關鍵詞： 等角線族, 列門-塞得爾猜想, 支柱分解

英 文 摘 要 ： There are two parts in this research.  Firstly we solve
most cases of the Lemmens-Seidel conjecture which was
raised in 1973.  The main tool here is to analyze the
pillar decomposition for the upper bound of pillars.
Secondly we verify that the current known constructions of
equiangular sets in low dimensions are maximal (we call
them saturated), then we use random number generators to
produce new equiangular sets. We have constructed 56
equiangular lines in the 18-dimensional Euclidean space,
which is the maximum known construction so far.

英文關鍵詞： Equiangular line sets, Lemmens-Seidel conjecture, pillar
decomposition



Abstract

There are two parts in this research. Firstly we solve most cases of the LemmensSeidel
conjecture which was raised in 1973. The main tool here is to analyze the pillar decompo
sition for the upper bound of pillars. Secondly we verify that the current known construc
tions of equiangular sets in low dimensions are maximal (we call them saturated), then we
use random number generators to produce new equiangular sets. We have constructed 56
equiangular lines in the 18dimensional Euclidean space, which is the maximum known
construction so far.

1 Introduction

A set of lines in Euclidean space is called equiangular if any pair of lines forms the same
angle. For examples, the four diagonal lines of a cube are equiangular in R3 with the angle
arccos(1/3), and the six diagonal lines of an icosahedron form 6 equiangular lines with angle
arccos(1/

√
5). The structure of methane CH4 also contains equiangular lines: carbonhydrogen

chemical bounds form the same angle (about 109.5 degrees). Equiangular lines in real and com
plex spaces are related to many beautiful mathematical topics and even quantum physics, such
as SICPOVM [29, 32, 33, 43]. First, equiangular lines in real spaces are equivalent to the
notion of twographs which caught much attention in algebra [14]. A classical way to con
struct equiangular lines comes from combinatorial designs. For instance, the 90 equiangular
lines in R20 and 72 equiangular lines in R19 can be obtained from the Witt design. The de
tails can be found in Taylor’s thesis in 1971 [36]. The spherical embedding of certain strongly
regular graphs can also give arise to equiangular lines [8]; the maximum size of equiangular
lines in R23 is 276 which can be constructed from the strongly regular graphs with parameters
(276,135,78,54). Such configuration is the solution to the energy minimizing problems [30],
also known as the Thomson Problem. The Thomson problem, posed by the physicist J. J. Thom
son in 1904 [37], is to determine the minimum electrostatic potential energy configuration of
N electrons constrained to the surface of a unit sphere that repel each other with a force given
by Coulomb’s law. The configuration of several maximum equiangular lines would give arise
to the minimizer of a large class of energy minimizing problems called the universal optimal
codes [9]. Furthermore, if we have r(r+1)

2 equiangular lines inRr (which is known as theGerzon
bounds [23]), then they will offer the construction of tight spherical 5designs [10] which are
also universal optimal codes. So far, only when r = 2,3,7, and 23 can the Gerzon bounds be
achieved. The special sets of equiangular lines, called equiangular tight frames (ETFs) refer to
the optimal line packing problems [26]. ETFs achieve the classical Welch bounds [41] which
are the lower bounds for maximum absolute value of inner product values between distinct
points on unit sphere, i.e. if we have M points {xi}M

i=1 on the unit sphere in Rr, then

max
i̸= j

|⟨xi,x j⟩| ≥

√
M− r

r(M−1)
.
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The study of ETFs has numerous references [6, 11, 12, 19, 34, 34, 40].
From another point of view, a set of equiangular lines can be regarded as the collection of

points on the unit sphere such that distinct points in the set have mutual inner products either α
or −α for some α ∈ [0,1). Below we formally state its definition.

Definition 1. We say that a finite set of unit vector X = {x1, . . . ,xs} in Rr is an equiangular set
if for some α ∈ [0,1),

⟨xi,x j⟩ ∈ {−α,α} whenever i ̸= j. (1)

By abuse of language, we will say that a set of vectors which satisfy the condition (1) are
equiangular with angle α , although the actual angle of intersection is arccosα . A natural ques
tion in this context is: what is the maximum size of equiangular sets in Rr? We denote by M(r)
for this quantity. The values of M(r) were extensively studied over the last 70 years. It is easy
to see that M(2) = 3 and the maximum construction is realized by the three diagonal lines of
a regular hexagon. In 1948, Haantjes [18] showed that M(3) = M(4) = 6. In 1966, van Lint
and Seidel [39] showed that M(5) = 10, M(6) = 16, and M(7)≥ 28. Currently, there are only
35 known values for M(r) and all of them have that r ≤ 43. To the best of our knowledge, the
ranges of M(r) for 2 ≤ r ≤ 43 are listed in Table 1 (see [1, 7, 15, 16, 17, 24, 42]).

Table 1: Maximum cardinalities of equiangular lines for small dimensions
r 2 3–4 5 6 7–13 14 15 16 17

M(r) 3 6 10 16 28 28–29 36 40–41 48–49

r 18 19 20 21 22 23–41 42 43
M(r) 56–60 72–75 90–95 126 176 276 276–288 344

Note that for the dimensions r = 14,16,17,18,19,20, determining the exact values of M(r)
is still an open problem; though we know that the current wellknown maximum constructions
of equiangular lines are saturated [24], i.e. the current maximum constructions of equiangu
lar lines cannot be added any more line while keeping equiangular. The estimation of upper
bounds for equiangular lines can be considered from several different methods. The bounds
could be achieved by semidefinite programming method [7, 13, 28], the analysis of eigenvalues
of the Seidel matrices [15, 16, 17], polynomial methods [13], Ramsey theory for asymptotic
bounds [2], forbidden subgraphs for graphs of bounded spectral radius [20, 21], and algebraic
graphs theory [14, 27].

The motivation for the study of equiangular lines can also be various. For instance, Bannai,
Okuda and Tagami [4] considered the tight harmonic index 4designs problems and proved
that the existence of tight harmonic index 4designs is equivalent to the existence of (r+1)(r+2)

6

equiangular lines with angle
√

3
r+4 in Rr. Later, OkudaYu [28] proved such equiangular lines

do not exist for all r > 2. For more information about harmonic index tdesigns, please see the
references [3, 4, 5, 44].
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Our first result is that we proved the result which LemmensSeidel claimed true in 1973.
In [23], Lemmens and Seidel claimed that the following conjecture holds when the base size
K = 2,3,5 (for the definition of base size, see Definition 5):

Conjecture 2 ([23], Conjecture 5.8). The maximum size of equiangular sets in Rr for angle 1
5

is 276 for 23 ≤ r ≤ 185, and ⌊1
2(r−5)⌋+ r+1 for r ≥ 185.

Although the conjecture was prominent in the study of equiangular lines, no proof was
found in the literature for the cases K = 3,5. Following the discussion of pillar methods, we
use techniques from linear algebra, linear programming, and the uniqueness of the twographs
with 276 vertices to prove the K = 3,5 cases, and offer a partial solution for K = 4. We also
offer better upper bounds for the equiangular sets for some special setting on pillar conditions.

Our second result is that we use graph theory approach to prove that the current known
constructions of equiangular lines in low dimensional spaces are maximal in the sense that no
other line in the same dimension could be added to form a larger equiangular set. Using similar
approach we are able to construct new large equiangular sets, in particular we show that there
are 56 equiangular lines in R18 with angle 1

5 .
The organization of this report is as follows. In Section 2 we introduce basic definitions in

the realm of equiangular lines, in particular the pillar decomposition. In Section 3 we give the
result that was claimed by Lemmens and Seidel. In Section 4 we describe our method on how
to determine an equiangular set is maximal. In Section 5 we give explicit constructions of new
large equiangular sets. Conclusion in Section 6 closes this report.

2 Pillar decomposition

Let X be an equiangular set with angle α inRr. There are a few mathematical objects that could
be associated to X .

Definition 3. Let X = {x1, . . . ,xs} ∈ Rr be a finite set of vectors. The Gram matrix of X ,
denoted by G(X) or G(x1, . . . ,xs), is the matrix of mutual inner products of x1, …, xs; that is,

G(X) = XTX =
[
⟨xi,x j⟩

]s

i, j=1

The Seidel graph of X is a simple graph S(X) whose vertex set is X , and two vertices xi and x j

of S(X) are adjacent if and only if ⟨xi,x j⟩=−α .

Since we are interested in equiangular lines in Rr, choices need to be made between two
unit vectors that span the same line. However, the choices could affect the signs of their mutual
inner products. If two sets of vectors represent the same set of lines, they are called in the same
switching class. This terminology comes from the graph theory: if we switch a vertex v in a
simple graph, the resulting graph is obtained by removing all edges that are incident to v but
adding edges connecting v to all vertices that were not adjacent to v. We also have the freedom
to relabel the vertices of the graph. All these actions lead to the following proposition about the
switching equivalence for two Gram matrices.
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Proposition 4 ([22], Definition 4). Two sets of unit vectors X ,Y inRr are in the same switching
class if and only if there are a diagonal (1,−1)matrix B and a permutation matrix C such that

(CB)T ·G(X) · (CB) = G(Y ).

We would also say that G(X) is switching equivalent to G(Y ), and write G(X)≃ G(Y ).

As usual, let Is (resp. Js) denote the identity matrix (resp. allone matrix) of size s× s; the
subscript s will sometimes be dropped when the size is clear from the context.

Definition 5 ([23]). Let X be an equiangular set inRr with angle α . The base size of X , denoted
by K(X), is defined as

K(X) := max{k ∈ N : there exist p1, …, pk in X such that G(p1, . . . , pk)≃ (1+α)I −αJ}.

In other words, K(X) is the maximum of the clique numbers of Seidel graphs that are switching
equivalent to that of X .

Definition 6 ([23]). Let X be an equiangular set with angle α and base size K. A set of K
vectors p1, …, pK is called a Kbase of X if p1, …, pk belong to some set which is switching
equivalent to X , and G(p1, . . . , pK) = (1+α)I −αJ.

Let K be the base size of an equiangular set X . We will fix a Kbase P = {p1, . . . , pK} that
forms a Kclique in the Seidel graph of X . Now we introduce the pillar decomposition of X
with respect to P, following [23]. (More details can also be found in [22].)

For each vector x ∈ X \P, there is a (1,−1)vector ε(x) ∈ RK such that(
⟨x, p1⟩, . . . ,⟨x, pK⟩

)
= α · ε(x).

A vector x in X will be replaced by−x if ε(x) has more positive entries than ε(−x), or ε(x) has
the same number of positive entries as ε(−x) and ⟨x, pK⟩= α; otherwise the vector x stays put.

Let Σ(ε(x)) denote the number of positive entries in ε(x). A pillar (with respect to a K
base P) containing a vector x ∈ X \P, denoted by x̄, is the subset of vectors x′ ∈ X \P such
that ε(x′) = ε(x); x̄ is called a (K,n) pillar when Σ(ε(x)) = n. Thus the vectors in X \P are
partitioned into several (K,n) pillars for 1 ≤ n ≤ ⌊K

2 ⌋. The number of different (K,n) pillars is
at most

(K
n

)
when 1 ≤ n < K

2 , but is at most
1
2

( K
K/2

)
when n = K

2 . However, if K = 1
α +1, then

p1, . . . , pK form a Ksimplex and ∑K
i=1 pi = 0. Therefore ε(x) has the same number of positive

entries as negative entries, thus only (K, K
2 ) pillars can exist. The collection of all (K,n) pillars

in an equiangular set X will be denoted by X(K,n).

3 LemmensSeidel conjecture

Throughout this section we assume that the common angle isα = 1
5 . Let us first recall a theorem

in [23].

4



Theorem 7 ([23], Theorem 5.7). Any set of unit vectors with inner product ±1
5 in Rr, which

contains 6 unit vectors with inner product−1
5 , has maximum cardinality 276 for 23 ≤ r ≤ 185,

⌊1
2(r−5)⌋+ r+1 for r ≥ 185.

This theorem corresponds to the case where the common angle α = 1
5 and base size K = 6.

Lemmens and Seidel concluded Section 5 of [23] with the following remark, which we quote
here:

It would be interesting to know whether Theorem 5.7 holds true without the re
quirement of the existence of 6 unit vectors with inner product−1

5 . … The authors
have obtained only partial results in this direction. In fact, the cases where [the
base size K] = 2,3,5 have been proved, but the case [K = 4] remains unsettled.
Yet, there is enough evidence to support the following conjecture. …

So they raised their conjecture (Conjecture 2), but the proofs, even for the cases K = 3,5,
have been elusive. Sections 3 and 4 of [22] provided some upper bounds for α = 1

5 . It is well
known that |X | ≤ r if X ⊂ Rr and K = 2 (cf. [22], Corollary 2). In this section we are going to
sharpen their results and prove the conjecture when K = 3,5, and also give a partial result for
the case K = 4.

3.1 K = 3

For the case K = 3, we examine positive semidefiniteness of assumed Gram matrices to deduce
the following result.

Lemma 8. Suppose that there are two nonempty (3,1) pillars. If one of them has 4 vectors,
then the other has at most 54 vectors.

Hence there is either one large (3,1) pillars, or the sizes of all (3,1) pillars are bounded.
Hence we have the following theorem.

Theorem 9. Let X be an equiangular set with angle 1
5 and base size K(X) = 3 in Rr. Then

|X | ≤ max{165,r+6}.

Proof. The equiangular set X is decomposed as a disjoint union of P = {p1, p2, p3} and three
(3,1) pillars. If there are two (3,1) pillars with four or more vectors, then by Lemma 8 we have

|X |= |P|+ |X(3,1)| ≤ 3+54 ·3 = 165.

Otherwise there is only one big (3,1) pillar and the other two pillars can have at most 3 vectors
each. Since vectors in a single (3,1) pillar is linearly independent of rank r−3, we see that in
this case

|X |= |P|+ |X(3,1)| ≤ 3+(r−3)+3+3 = r+6.

These inequalities finish the proof of the theorem.
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Note that max{165,r+ 6} is certainly less than the bound max{276,r+ 1+ ⌊ r−5
2 ⌋} given

in the LemmensSeidel conjecture for every r ≥ 23, hence we have finished the proof when the
base size K(X) = 3.

3.2 K = 4

For the case K = 4, we are only able to bound the size of (4,1) pillars as follows.

Proposition 10. If there is a (4,1) pillar with two vectors, then there are at most 24 vectors in
another (4,1) pillars.

For each of the three (4,2) pillars, the best known bound of its cardinality is s(r−4, 1
13 ,−

5
13)

obtained in [22], which denotes the number of vectors in a 2distance set in Rr−4 with angles
1
13 and − 5

13 . With a little improvement under Proposition 10, we state the result for K = 4.

Proposition 11. Let X be an equiangular set with the angle 1
5 and base size 4 in Rr. Then

|X | ≤ 100+3 · s
(
r−4,

1
13

,− 5
13

)
. (2)

Proof. The equiangular set X can be partitioned into the following pairwise disjoint subsets:
the 4base P, four (4,1) pillars, and three (4,2) pillars. By Lemma 16 of [22], any (4,1) pillar
x̄ will satisfy |x̄| ≤ 39 if there is a nonempty (4,2) pillar. Since s(r−4, 1

13 ,−
5
13)≥ r−4 (which

can be realized if all vectors within a (4,2) pillar are linearly independent), we see that

|X | ≤ |P|+ |X(4,1)|+ |X(4,2)| ≤ 4+4 ·24+3 · s(r−4,
1

13
,− 5

13
)

= 100+3 · s(r−4,
1
13

,− 5
13

).

We note that the righthand side of (2) will never beat the LemmensSeidel bound.

3.3 K = 5

Let X ⊂Rr be an equiangular set with angle 1
5 in R

r, with the base size K = K(X) = 5. Let P =

{p1, p2, p3, p4, p5} be a 5base in X . With respect to P, X \P can be partitioned into 5 possible
(5,1) pillars and 10 possible (5,2) pillars. By Lemma 18 of [22], we know that |X(5,1)| ≤ 15.
Let us now consider the rest of the vectors P∪X(5,2). Note that Y := P∪{p6}∪X(5,2) is still
an equiangular set with K(Y ) = 6 in Rr, where p6 = −∑5

i=1 pi. Those (5,2) pillars in X will
become (6,3) pillars inY , and their classifications have been discussed thoroughly by Lemmens
and Seidel [23]. Using a key fact in the proof of Theorem 5.7 of [23] and the uniqueness of 276
equiangular lines in R23 with angle 1

5 , we are able to show the following result.

Theorem 12. Let X be an equiangular set with angle 1
5 and base size K(X) = 5 in Rr.
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(1) If there are two or more nonempty (5,2) pillars, then |X | ≤ 272.

(2) If there is at most one nonempty (5,2) pillar, then |X | ≤ 4
3r+12.

Either case beats the LemmensSeidel bound, hence we prove the LemmensSeidel conjec
ture for the case K = 5.

4 Saturated equiangular sets

Given an equiangular set X , is it possible to find another line ℓ in the span of X such that ℓ
intersects with every line in X at the same common angle α? If not, then the equiangular line
set X is called saturated in Rd . The answer to this question is negative if |X | has reached the
known upper bound inRd . For examples the 28 lines inR7, consisting of all permutations of the
vector (1,1,1,1,1,1,−3,−3) inR8 (all of which live in the 7dimensional subspace ∑8

i=1 xi = 0
of R8). In the cases where N(d) has not been determined (for instance d = 14, 16–20, and 42),
it is not an easy task to determine whether another line could be added to the current known
construction of equiangular sets of lines.

We propose the following algorithm to answer this question in small dimensions. First we
choose a subset X ′ = {v1,v2, . . . ,vd} of X that forms a basis of the span of X . Then we find the
set V0 of all unit vectors in the span of X whose inner products with each of vectors in X ′ are
±α . Since we are looking for lines, we only need one vector from each pair of opposite vectors
w and −w in V0; call this set of representatives V . Notice that the difference set X \X ′ must
be a subset of V . Now we construct a simple graph G whose vertex set is V , and two vertices
v and v′ in G are adjacent if and only if ⟨v,v′⟩ = ±α . Then a saturated equiangular lines that
contains X ′ has the cardinality d +ω(G), where ω(G) is the clique number of G. Although
this does not directly answer the question whether or not X is saturated in that dimension, the
number d +ω(G) is still an upper bound for the number of equiangular lines that contains X .
If d +ω(G) = |X |, then we can conclude that X is saturated. Using this algorithm, we are able
to establish the following result, which does not seem to appear anywhere in the literature.

Theorem 13. The following sets are saturated equiangular lines:

• The 28 lines in R14, in Tremain [38], p. 24; see Example 14 below.

• The 40 lines in R16, in Tremain [38], p. 25.

• The 48 lines in R17, in Lemmens and Seidel [23], section 2.

• The 54 lines in R18, in Szöllősi [35].

• The 72 lines in R19, constructed by Asche (see Taylor [36], Theorem 8.1).

• The 90 lines in R20, constructed by Taylor [36], Theorem 8.2.
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7
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9

10

11

12

13

14

◦=
√

1/5, •=−
√

1/5, ⋆=
√

2/5

Figure 1: Graphic representation of 28 equiangular lines in R14

Example 14 ([38], p. 24). Tremain gave a construction of 28 equiangular lines in R14 with
angle 1

5 using the (7,3,1)design, explained as follows.
Figure 1 is a graphic representation on 28 column vectors in R14: each ◦, •, and ⋆ shall

be replaced by
√

1/5, −
√

1/5, and
√

2/5, respectively; empty squares shall be filled with
0’s. It can be immediately checked that this indeed gives 28 equiangular lines in R14 with
angle 1/5. The following computation is executed in SAGE [31]. We label these 28 vectors by
w1,w2, . . . ,w28 from left to right. The vectors {w2k : k = 1,2, . . . ,14} form a basis for R14. Let
C be the following set of vectors in R14:

C :=
{

v ∈ R14 : ⟨v,w2k⟩=±1
5
, ∀ 1 ≤ k ≤ 14;⟨v,w2⟩=

1
5
}
.

Among those 213 vectors inC, there are 378 unit vectors; call the collection of these unit vectors
V . Using these vectors inV as vertices, a simple graph G is constructed by connecting v, v′ ∈ G
whose inner product is ±1

5 . Finally we verify that the clique number ω(G) = 14, which means
that the maximum cardinality of equiangular lines in R14 that contains X ′ is |X ′|+ω(G) = 28.
This implies that the 28 equiangular lines above in R14 is saturated. This computation in effect
reduces the number of combinations of {1

5 ,−
1
5}inner products to be checked from 227 to 213.

5 Construction of a large equiangular subset of lower rank

A large equiangular set can be found from a larger set from higher dimensional spaces. For
example, 48 lines in R17, 54 lines in R18, 72 lines in R19, 90 lines in R20, 126 lines in R21, and
176 lines in R22 can all be found among the 276 equiangular lines in R23, sitting inside various
lower dimensional subspaces. Similar stories also happen to R7. The 28 equiangular lines in
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Table 2: Relative bounds and the sizes of known constructions of equiangular set with angle
1/7 in Rd

d 42 41 40 39
R(d,1/7) 288 246 213 187
Found 248 200 168 152

R7 contain maximum size of equiangular lines in R6 (16 lines) and R5 (10 lines). A linearly
independent subset T of vectors inside an equiangular set X generates the maximal subset of
X that contains in the span of T , usually of lower rank. In this section we mention two such
constructions.

5.1 248 equiangular lines in R42 with angle 1/7

The existence of 344 equiangular lines in R43 with angle 1/7 follows from Taylor’s result on
the doubly transitive group PΓU(3,72) [36], and can also be constructed from the strongly
regular graph SRG(344,168,92,72) [8], which induces the Gram matrix G = [⟨vi,v j⟩]344

i, j=1 that
represents these lines. Using random number generators we repeatedly select 42 columns from
G until these columns form a set of linearly independent vectors. Then we collect the column
vectors of G which belong to the span of these vectors; call this collection X . By picking out
the corresponding rows and columns of X from G, the resulting matrix is the Gram matrix
of equiangular unit vectors of rank 42 and angle 1/7. The best result among a few thousand
runs of this experiment gave 248 equiangular lines in R42 with angle 1/7. The SAGE code for
generating these Gram matrices, each of which forms 248 equiangular lines in R42 is included
in the Appendix. Interestingly, the spectrum for each of the Seidel matrix, which is defined by
S =− 1

α (G− I) where I is the identity matrix, of 248 equiangular lines that we found is always
{[49], [41]8, [33]6, [25]3, [33+4

√
2]12, [33−4

√
2]12, [−7]206}.

For sake of comparison, we recall the inequality (3), which is the socalled relative bound
for equiangular lines.

Theorem 15 ([39], p.342). Let X be an equiangular set with angle α in Rr. If r < 1
α2 , then

|X | ≤ R(r,α) :=
r(1−α2)

1− rα2 . (3)

Proceeding in a similar fashion, we look for large subsets in Rd of the 344 equiangular
lines in R43. The best results are listed in Table 2, with a comparison with the relative bounds
(which are also the best upper bounds so far). Although our constructions do not reach the
relative bounds, we doubt if there aremore equiangular lines with angle 1/7 in these dimensions.
Notice that if our construction are the maximum in that dimension and angle, then there will be
new results for nonexistence of two associated strongly regular graphs (with 288, 246 vertices,
respectively).
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5.2 56 equiangular lines in R18 with angle 1/5

A few thousand runs of the following experiments are carried out, using random number gener
ators: Among the 72 equiangular lines in R19 with angle 1/5 given in Example 2 of Section 4,
18 vectors are randomly chosen and then all the vectors from those 72 vectors that fall into the
span of these 18 vectors are collected. The best result we find is a collection of 56 equiangular
lines of rank 18 with angle 1/5. Specifically, there are two kinds of such 56 vectors. Let

c := 4e1 + eΣ;

c1 := e2 + e3 + e10 + e12 + e13 + e14 + e21 + e24, ;

c2 := e2 + e3 + e6 + e7 + e18 + e19 + e22 + e23. (4)

u1 := e4 + e5 +6e6 −3e7 + e8 + e9 +6e10 + e11 −3e12 +6e13 −3e14 + e15 + e16 + e17

−3e18 −3e19 −8e20 −3e21 −3e22 +6e23 −3e24;

u2 := 5e4 +5e5 −3e6 −3e7 −4e8 +5e9 −4e11 −4e15 +5e16 −4e17 −3e18 +6e19 −4e20

+6e22 −3e23.

The collectionswe find are perpendicular to either {c,c1,c2,e1−e2,e1−e3,u1} or {c,c1,c2,e1−
e2,e1 − e3,u2} (the coordinates of u1 and u2 in (4) may be permuted in specific ways.) This
finding raises the lower bound of N(18) from 54 to 56, see Table 1.

We use SAGE to confirm that both configurations are equivalent equiangular sets because
their Seidel graphs are isomorphic. From the method described in Section 4, we confirm that
this configuration of 56 equiangular lines in R18 is saturated. We also note that the spectrum
of the resulting Seidel matrix is {[15]3, [11]10, [7]5, [−5]38}, and the automorphism group of the
Seidel graph is C2 × ((C8 ⋉ (C2 ×C2)) of order 64.

6 Conclusion

Our first contribution is to solve partial results of the LemmensSeidel conjecture. The article
has been published [25]. The last case which deals with the base size 4 is work in progress joint
with Cao, Koolen, and Yu. We hope that this last mile could be reached by examining forbidden
graphs.

Our motivation to determine saturated equiangular set was from the minimal unsettled case:
M(14) = 28 or 29? Although we were not able to answer this and similar questions firmly, we
found 56 equiangular lines in R18, which beats the world record. We would like to conjecture
that the lower ends of all numbers in Table 1 are the actual cardinalities of maximal equiangular
sets in respective dimensions. Also the construction of 248 equiangular lines we found R42 is
new; no one has constructed this many equiangular lines in R42 except for the 276 equiangular
lines in R23. Since our construction always come from a large equiangular set in higher dimen
sions, it would be challenging to find other ways to construct new equiangular sets. This will
certainly be included in our future study.
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