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中 文 摘 要 ： We numerically study the Anderson localization in an
oscillating one-dimensional Rydberg-dressed Bose-Einstein
condensate with weak random disorder in which the range of
the interaction, the blockade radius Rc, is variable.
Without disorder, the uniform system can undergo a
superfluid-supersolid transition at Rc = lc �=1.7ξ0 with
ξ0 the zero-range healing length. When ξ0 exceeds the
disorder correlation length σD, we show that exponential
localization occurs in the equilibrium condensate when Rc <
lc, while Gaussian localization occurs when Rc > lc. The
latter suggests that the k wave for a long-ranged
interacting system could decay Gaussianly with weak random
disorder.

中文關鍵詞： 局域化，熱化，冷原子，無序雜質散射

英 文 摘 要 ： We numerically study the Anderson localization in an
oscillating one-dimensional Rydberg-dressed Bose-Einstein
condensate with weak random disorder in which the range of
the interaction, the blockade radius Rc, is variable.
Without disorder, the uniform system can undergo a
superfluid-supersolid transition at Rc = lc �=1.7ξ0 with
ξ0 the zero-range healing length. When ξ0 exceeds the
disorder correlation length σD, we show that exponential
localization occurs in the equilibrium condensate when Rc <
lc, while Gaussian localization occurs when Rc > lc. The
latter suggests that the k wave for a long-ranged
interacting system could decay Gaussianly with weak random
disorder.

英文關鍵詞： Localization，Thermalization，Cold atoms，Random disorder
scattering
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Anderson localization in an oscillating Rydberg-dressed condensate with random disorder
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We numerically study the Anderson localization in an oscillating one-dimensional Rydberg-dressed Bose-
Einstein condensate with weak random disorder in which the range of the interaction, the blockade radius Rc,
is variable. Without disorder, the uniform system can undergo a superfluid-supersolid transition at Rc = lc �
1.7ξ0 with ξ0 the zero-range healing length. When ξ0 exceeds the disorder correlation length σD, we show that
exponential localization occurs in the equilibrium condensate when Rc � lc, while Gaussian localization occurs
when Rc > lc. The latter suggests that the k wave for a long-ranged interacting system could decay Gaussianly
with weak random disorder.

DOI: 10.1103/PhysRevA.100.053619

I. INTRODUCTION

Disordered systems have been studied extensively in the
past decades because disorder could cause dramatic effects
and result in various phenomena such as quantum chaos [1],
the Bose-glass phase [2], or percolation [3]. In the studies
of disorder in ultracold atomic gases, Anderson localiza-
tion (AL) is one of the most intriguing phenomena [4]. AL
describes that if the impurity randomness is large enough,
the diffusive motion for carriers would be suppressed. The
suppression comes from the destructive interference of waves
that suffer multiple scattering in a medium with randomly
many scatterers. Therefore, the density profile of the wave
will decrease exponentially along the propagation direction,
which led to AL. According to the Ioffe-Regel criterion,
the requirement to generate AL in three dimensions is that
the mean free path must be smaller than the wavelength of
the electron (l < λ) [5]. The mobility edge then appears
at momentum km = 1/l , below which AL exists. In contrast
to one or two dimensions, it is predicted that the effect of
disorder causes all of the single-particle quantum states to
be localized, although the mobility edge still arises for a
particular type of disorder in the Born approximation [6].
AL has been observed recently in various systems such as
discrete-time quantum walks (DTQWs) [7], Rydberg elec-
trons [8], photonic lattices [9], monolayer graphene [10], and
even quantum chromodynamics (QCD) [11,12].

In ultracold atomic gases, AL was first observed in time-
of-flight experiment by Billy et al. [13] using speckle po-
tential. It appears that the localized density profile exhibits
an exponential shape if the initial healing length of the con-
densate ξin is greater than the correlation length of disorder
σD. Alternatively, it will decay algebraically when ξin < σD.
The results are consistent with the analytical results predicted
earlier by Sanchez-Palencia et al. [14]. At the same time, Roati
et al. [15] have also observed AL in a noninteracting BEC
by using a quasiperiodic potential, which shows exponential
localization in the case of large disorder and a nonlocalized
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Gaussian distribution in the case of small disorder. Recently,
we showed that dipole oscillation of BEC in a disordered
trap [16], such as those done by Dries et al. [17], Bhongale
et al. [18], and Chen et al. [19], can also exhibit AL when
the systems come to equilibrium. Our simulations [16] of the
equilibrium localized density profile were in good agreement
with both the experiment [13] and the theory [14] for both
the ξin > σD and ξin < σD regimes. This suggests, therefore,
that both free-expansion and dipole-oscillation experiments
are good candidates to study AL in cold atoms.

Up to now, AL has only been studied in zero-range (or
contact) interacting BECs. This paper aims to numerically
study AL in a one-dimensional (1D) Rydberg-dressed BEC in
which the range of the interaction, the blockade radius Rc, is
variable. Following our previous work [16], we consider an
oscillating Rydberg-dressed Bose-Einstein condensate with
random disorder. The main issue is how the new length scale
Rc plays a role in AL. The long-range interaction of a 1D
Rydberg-dressed BEC behaves as C̃6/(R6

c + |z − z′|6), where
C̃6 is the strength of the van der Waals interaction between
Rydberg-dressed ground-state atoms, and z and z′ are the co-
ordinates of the two atoms. Due to the long-range interaction,
the system can undergo a superfluid (SF) -supersolid (SS)
transition at Rc = lc � 1.7ξ0, with ξ0 = ξ (Rc → 0) the zero-
range healing length (see Sec. III). When ξ0 is fixed and set to
greater than σD, it will be shown that exponential localization
occurs in the equilibrium condensate when Rc � lc (in the SF
regime), while Gaussian localization occurs when Rc > lc (in
the SS regime).

The paper is organized as follows. Our numerical approach
is outlined in Sec. II. Based on the theory of the healing length
for a homogeneous system, the critical range for the SF-SS
transition is studied in Sec. III. Section IV discusses the AL in
the SF regime, and Sec. V discusses the AL in the SS regime.
Section VI is a conclusion.

II. NUMERICAL APPROACH

We consider the possible AL in a harmonically trapped
oscillating 1D Rydberg-dressed BEC with weak random po-
tential. Motivated by the success of our previous work [16],
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we continue to apply the framework of the Gross-Pitaevskii
equation (GPE). The time-dependent 1D GPE reads

ih̄∂tψ (z, t ) =
[
− h̄2

2m
∂2

z + Vho(z) + Vdis(z)

+ N
∫

U (z − z′)|ψ (z′, t )|2dz′ − μ

]
ψ (z, t ),

(1)

where Vho(z) = mω2z2/2 is the trapping potential, U (z −
z′) = gδ(z − z′) + C̃6/(R6

c + |z − z′|6) is the combination of
contact and long-range interactions, with g = 4π h̄2a/m the
strength of contact interaction due to s-wave scattering (a is
the scattering length), N is the total number of atoms, μ is
the chemical potential, and the wave function ψ is normalized
to 1,

∫ |ψ2|dz = 1. The random disorder potential Vdis(z) is
characterized by the autocorrelation function

〈Vdis(z)Vdis(z + 
z)〉 = V 2
Dsinc2

(

z

σD

)
, (2)

with σD the correlation length and VD the strength of the
disorder potential [14].

For oscillations, we let the condensate be released at the
trap center with an initial velocity v0 [16]. To obtain an
initial wave function with v0, one can apply the Galilean
transformation: ψ = ϕ exp(imv0z/h̄). The resulting GPE for
the residual wave function ϕ then reads

ih̄∂tϕ(z, t ) =
[

1

2m

(
h̄

i
∂z − mv0

)2

+ Vho(z) + Vdis(z)

+N
∫

U (z − z′)|ϕ(z′, t )|2dz′ − μ

]
ϕ(z, t ).

(3)

Long-term imaginary-time evolution of Eq. (3) gives ϕ, which
in turn gives the initial wave function ψ .

In the present study, for simplicity, we alternatively em-
ploy the step-function-like long-range interaction αθ (Rc −
|z − z′|) with α the strength. The simplified step-function-like
interaction gives a good approximation to the real one in
Eq. (1) or Eq. (3). Moreover, the contact interaction is set
to zero (g = 0), which can be easily reinstalled (see later).
In our results, the units of length and time are taken to be√

h̄/mω and 1/ω. For convenience, we further take the natural
units, h̄ = m = ω = 1. All simulations are performed for a
long enough time (t � 80π ) to ensure the equilibrium of the
system. Readers can refer to our previous work [16] for more
details of the numerical treatments.

III. CRITICAL RANGE

We first consider the SF-SS transition in the Rydberg-
dressed Bose condensate. The non-linear term in (1) can be
expanded as∫

U (z − z′)n(z′, t )dz′ = 1

2π

∫
Ũ (k)ñ(k, t )eikzdk

= Ũ (0)(0)n(z, t ) − Ũ (2)(0)

2!

[
∂2

z n(z, t )
]

+ Ũ (4)(0)

4!

[
∂4

z n(z, t )
] + · · · , (4)

where n(z, t ) = |ψ (z, t )|2, Ũ (k) and ñ(k, t ) are Fourier trans-
forms of U (z) and n(z, t ), and Ũ (n)(0) ≡ limk→0 ∂nŨ (k)/∂kn.
As for U (z) = αθ (Rc − |z|), which is an odd function in z,
odd-order derivative terms vanish in the expansion (4). More
explicitly, Ũ (k) = 2α sin(kRc)/k, which yields Ũ (0)(0) =
2αRc, Ũ (2)(0) = −2αR3

c/3, and Ũ (4)(0) = 2αR5
c/5. Thus in

the absence of disorder and trapping, up to fourth-order cor-
rections the healing length ξ of the homogeneous system is
governed by [20]

1

2ξ 2
= 2αRcn0 + 2

3

αR3
cn0

2!ξ 2
+ 2

5

αR5
cn0

4!ξ 4
, (5)

where n0 = N/V (V denotes the 1D volume) is the corre-
sponding uniform number density away from the boundary.

In the limit of Rc → 0, the healing length reduces to

ξ (Rc → 0) ≡ ξ0 = 1

2
√

n0αRc
. (6)

For finite Rc’s, (5) can be solved to give

ξ 2 = 1

2

⎡
⎣(

ξ 2
0 − R2

c

6

)
±

√(
ξ 2

0 − R2
c

6

)2

− R4
c

30

⎤
⎦. (7)

The theory of healing length (5) breaks down when the term
inside the square root in (7) becomes negative. In turn it yields
the critical range for the SF-SS transition:

Rc = lc � 1.7ξ0. (8)

When Rc � lc (Rc > lc), the ground state of the system is in
the SF (SS) regime. We have checked that the result holds
quantitatively even when one takes up higher-order correc-
tions.

IV. LOCALIZATION IN SF REGIME

With Rc = ξ0 < lc in the SF regime, Fig. 1(a) shows a
long-time simulation of a dipole-oscillating Rydberg-dressed
BEC in a weak random potential when it comes to equilib-
rium. In the semilog plot, it unambiguously identifies that the
equilibrium localized density profile is exponential, |ψ (z)|2 ∝
exp(−2γeff|z|), at the range 20 < |z| < 60. The best-fit curve
yields γeff = 0.025. Similar exponential equilibrium localized
density profiles hold for any Rc � lc.

In the expansion of a contact interacting BEC with ran-
dom disorder, Sanchez-Palencia et al. [14] showed that the
localized density profile depends intimately on the density
profile before the expansion, which is characterized by the
initial healing length ξin [or the Thomas-Fermi (TF) radius
RTF] and the mobility edge, which is characterized by the
correlation length σD of disorder. The expansion basically
follows the scaling theories of Kagan et al. [21] and Castin
et al. [22], and when it expands sufficiently long, the system
enters the noninteracting limit. On the other hand, according
to Anderson’s theory [4], the localized k wave, φk (z), for a
noninteracting system with weak random disorder behaves as
〈|φk (z)|2〉 ∝ exp[−2γ (k)|z|] for γ (k)|z| 
 1, where γ (k) =
1/L(k) is the Lyapunov exponent and L(k) is the localization
length. Consequently, Sanchez-Palencia et al. [14] showed
that the localized density profile of the expanding condensate
is exponential (algebraic) when ξin > σD (ξin < σD).
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FIG. 1. Blue curves: long-time simulations of the equilibrium density profiles for the dipole oscillating Rydberg-dressed Bose condensate
with weak random disorder. (a) Exponential localization occurs for Rc = ξ0 < lc in the SF regime. The best-fitted (dotted black) curve is
|ψ (z)|2 ∝ exp(−2γeff|z|) with γeff = 0.025. (b) and (c) Gaussian localizations occur for both Rc = 2ξ0 (close to the critical range lc � 1.7ξ0)
and Rc = 40ξ0 (away from lc) in the SS regime. Both are best fitted for |ψ (z)|2 ∝ exp(−γ 2

effz
2) with γeff = 0.0256 and 0.0238 for (b) and (c),

respectively. See the text for values of other parameters.

For the current dipole-oscillating Rydberg-dressed Bose
condensate in the SF regime (Rc � lc), it can be shown that
the system is still well described in the TF limit before the
system is given a velocity v0 and the disorder is in effect. One
first assumes that the density profile takes the parabolic TF
form

n0(z) = μ′ − Vho(z)

geff
, (9)

where the corrected chemical potential μ′ and effective cou-
pling constant geff are to be determined self-consistently.
Substitution of n0(z) into (4) and (1), in the TF limit in which
the kinetic term can be neglected, yields self-consistently

geff = 2αRc, μ′ = μ + 1
6 mω2R2

c . (10)

The fourth derivative term in (4) vanishes as a result of the
parabolic profile. Thus the initial TF density profile (9) is
justified to be a good approximation in the SF regime (Rc �
lc).

The density profile (9) can be rewritten as

n0(z) = nm

(
1 − z2

R2
TF

)
, (11)

where nm = μ′/geff is the density maximum at the center, and

R2
TF = 2μ′

mω2
= 2μ

mω2
+ 1

3
R2

c (12)

is the TF radius corresponding to n(z = RTF) = 0. In terms
of natural units, one can take μ′ = 200 and ξ0 = 0.05 for a
typical 1D Rydberg-dressed BEC system [23]. Consequently,
the first term in (12) is at least two orders of magnitude larger
than the second term even when Rc → lc � 1.7ξ0. This means
that before the oscillation, RTF � 20 and n(z) in (11) only
have a weak dependence on Rc in the SF (Rc � lc) regime. It
also means that in the same regime the corresponding healing
length associated with the central maximum density is weakly
dependent on Rc. Based on the results of Sanchez-Palencia
et al. [14] and our previous work [16], one then predicts that
when ξ0 > σD, the equilibrium localized density profile of
an oscillating Rydberg-dressed condensate with weak random
disorder is exponential in the SF regime. Our simulation

shown in Fig. 1(a) with ξ0 = 0.05, σD = 0.01, Rc = ξ0, and
v0 = 37.5 confirms the prediction.

In the SF regime, it is straightforward to reinstall the effect
of the contact interaction. In view of (1) and (4), when g is
finite the effective coupling in (10) can be replaced by [23]

geff = g + 2αRc. (13)

V. LOCALIZATION IN THE SS REGIME

With Rc = 2ξ0 (close to the critical range lc) and Rc =
40ξ0 (away from lc), Figs. 1(b) and 1(c) show in the SS
regime the long-time equilibrium localized density profiles for
a dipole-oscillating Rydberg-dressed BEC in a weak random
potential. In the semilog plots, both equilibrium localized
density profiles are unambiguously identifies to be Gaussian,
|ψ (z)|2 ∝ exp(−γ 2

effz
2), at the range 20 < |z| < 60. The best-

fitted curves yield γeff = 0.0256 and 0.0238 for Rc = 2ξ0 and
40ξ0, respectively.

In the SS regime, it is evident that the range of the inter-
action (the blockade radius Rc) plays an important role, and
the system will not enter the noninteracting limit. We first
consider the initial state before the system is given a velocity
v0 and the disorder is in effect. Figure 2 shows the calculated
density distribution n0(z) of a trapped 1D Rydberg-dressed
Bose condensate in the SS regime with Rc = 40ξ0 (blue
curve). As shown, each droplet (peak) is well approximated
by a Gaussian and consequently

n0(z) �
∑
�∈Z

Ae−2(z−�d )2/b2

(
1 − z2

R2
TF

)2

�(RTF − |z|), (14)

where the summation extends over all SS lattices, A > 0
is the normalization factor,

√
2b is the half-width of each

single Gaussian droplet, d is the lattice constant, and to the
best fit the factor (1 − z2/R2

TF)2
�(RTF − |z|) is due to the

trapping effect. Figure 2 also reveals that d = 2.45, which
is comparable to Rc = 40ξ0 = 2.0, and b = 0.285, which is
much smaller than d .

The ground state of a SS corresponds to the case when any
two neighboring droplets are well separated from each other
(b � d). It implies that the contribution to the interaction
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FIG. 2. Density distribution n0(z) (blue curve) calculated for a
trapped 1D Rydberg-dressed Bose condensate in the SS regime
with Rc = 40ξ0. As shown, each droplet is well approximated by a
Gaussian with b = 0.285. The lattice constant d = 2.45. The SS is
subject to the trapping effect with TF radius RTF = 20.

energy ∫∫
U (z − z′)|ψ (z)|2|ψ (z′)|2dz dz′

is

α(N ′/N )2 within one droplet,

0 between neighboring droplets. (15)

Here N ′ is total number of atoms for the particular droplet.
The constant α(N ′/N )2 in (15) implies that within each
droplet, the system can be viewed as “noninteracting” to
which the interaction energy just gives the total energy a shift.
This is why its density function can be well described by a
Gaussian [24].

In association with n0(z) in (14), the corresponding mo-
mentum distribution is

D(k) =
∫

dz n0(z)e−ikz. (16)

In the limit of a large number of lattices (in the small ω or
large RTF limit), one obtains

D(k) �
∑

�

A

√
πb2

2
e−k2b2/8e−ik�d

=
∑

n

A

√
πb2

2
e−k2b2/8δk,2nπ/d , (17)

where n is any integer. Momentum distribution D(k) in (17) is
illustrated in Fig. 3, where important length scales in k space
are denoted.

When the Rydberg-dressed condensate starts to oscillate
with a velocity v0 and eventually comes to equilibrium with
weak random disorder, momentum distribution D(k) in (17) is
no longer the correct one for the localized state. However, due
to the trapping effect, the localized condensate only expands
a few times from the initial size of RTF. Thus it is anticipated

FIG. 3. Illustration of momentum distribution D(k) in (17). The
effective cutoff of D(k) is ∼4/b, which is smaller than the mobility
edge 1/σD in the case of ξ0 > σD.

that the momentum distribution of localized k waves is not
very different from D(k) in (17). At least, one expects that
(17) can give a qualitatively good description. Using (17), the
equilibrium localized density profile in the SS regime can be
given by [14],

n(z) =
∫ ∞

−∞
dk D(k)〈|φk (z)|2〉, (18)

where φk (z) is the decaying k-wave for the SS regime.
As long-ranged interaction is dominant in the SS regime,

Anderson’s exponentially decaying k wave will not describe
the current system. One needs to derive a proper localization
theory for the current φk (z). This is beyond the scope of
the current work, however. Nevertheless, we instead take the
numerical approach. Based on the description (18) and by
examining the simulation results shown in Figs. 1(b) and
1(c), we argue that the decaying k wave for the long-ranged
interacting system with a random potential could behave as

〈|φk (z)|2〉 ∝ exp[−γ 2(k)z2] (19)

for γ (k)|z| 
 1. The exponent γ (k) will decrease as k in-
creases and vanishes at k ∼ 1/σD, corresponding to the mo-
bility edge for weak random disorder (see Fig. 3).

Substitutions of (17) and (19) into (18) yield

n(z) ∝
∑

n

∫ ∞

−∞
dk e−k2b2/8δk,2nπ/d e−γ 2(k)z2

�
∑

|n|�2d/bπ

e−n2π2b2/2d2
e−γ 2(k=2nπ/d )z2


k. (20)

In the second line of (20), the upper limit of the sum is due
to the effective cutoff ∼4/b of D(k) (see Fig. 3). In addition,
we assume that each δ peak contributes with a finite width

k for a real finite-lattice system. In the case of ξ0 > σD

and 1/σD > 4/b, the localized density profile at γ (k)|z| 
 1
should be dominated by the term with the largest k, or the
smallest γ in (20). Consequently, the localized density profile

|ψ (z)|2 ∝ e−γ 2
effz

2
, (21)

where the effective exponent γeff � γ (k ∼ 4/b).
Physically, one would expect that the long-ranged interac-

tion will result in some delocalization. By comparing the ex-
ponential and Gaussian localizations shown in Figs. 1(a)–1(c),
it is indeed the case that the Gaussian density profile (with
larger Rc) is more delocalized than the exponential density
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profile (with smaller Rc) for 20 < |z| < 60. One can also com-
pare the two Gaussian density profiles in Figs. 1(b) and 1(c)
where the best-fitting curves give |ψ (z)|2 ∝ exp(−γ 2

effz
2) with

γeff = 0.0256 and 0.0238 for (b) and (c), respectively. This
indicates that the delocalization is relatively more profound in
(c) (Rc = 40ξ0) than in (b) (Rc = 2ξ0).

In dipolar BEC systems, due to the anisotropy of the
dipole-dipole interaction, the Lee-Huang-Yang (LHY) cor-
rection effect can largely help stabilize the system and the
formation of supersolids [25–31]. In Rydberg-dressed BEC
systems, in contrast, the long-ranged interaction is isotropic
and the system can stabilize itself and form a supersolid in the
absence of the LHY correction. Similar to the dipolar BEC
systems, the LHY correction will likely enhance the superfluid
fraction in Rydberg-dressed BEC systems, but how it affects
the supersolid structures, and especially how it interplays with
the disorder, deserves a detailed study.

VI. CONCLUSION

In conclusion, we study the Anderson localization in a
Rydberg-dressed BEC in a disordered trap, in which the range
of interaction, the blockade radius Rc, is variable. When the
zero-range limit healing length ξ0 is longer than the disorder
correlation length σD, the exponential equilibrium localized
density profile is found in the SF regime (Rc � lc), while

the Gaussian localized density profile is found in the SS
regime (Rc > lc) (lc � 1.7ξ0 is the critical range for the SF-SS
transition).

In the opposite case when σD > ξ0, the algebraic localized
density profile is expected to be found in the SF regime. It
should be similar to what was predicted by Sanchez-Palencia
et al. [14] and also shown by our previous work [16] for a
contact interacting Bose condensate. In the SS regime, our
preliminary results show that Gaussian localization will also
occur. While the decrease of mobility edge (1/σD) will result
in incomplete support (1/σD < 4/b) for localization, the idea
that Gaussian localization is dominated by the term with the
largest k or the smallest γ seems to still work.

We have argued that the decaying k wave for a long-ranged
interacting system with random disorder could behave as
〈|φk (z)|2〉 ∝ exp[−γ 2(k)z2] for γ (k)|z| 
 1. Verification of it
deserves a future comprehensive microscopic theory.
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Anderson localization in an oscillating Rydberg-dressed condensate with random disorder
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We numerically study the Anderson localization in an oscillating one-dimensional Rydberg-dressed Bose-
Einstein condensate with weak random disorder in which the range of the interaction, the blockade radius Rc,
is variable. Without disorder, the uniform system can undergo a superfluid-supersolid transition at Rc = lc �
1.7ξ0 with ξ0 the zero-range healing length. When ξ0 exceeds the disorder correlation length σD, we show that
exponential localization occurs in the equilibrium condensate when Rc � lc, while Gaussian localization occurs
when Rc > lc. The latter suggests that the k wave for a long-ranged interacting system could decay Gaussianly
with weak random disorder.

DOI: 10.1103/PhysRevA.100.053619

I. INTRODUCTION

Disordered systems have been studied extensively in the
past decades because disorder could cause dramatic effects
and result in various phenomena such as quantum chaos [1],
the Bose-glass phase [2], or percolation [3]. In the studies
of disorder in ultracold atomic gases, Anderson localiza-
tion (AL) is one of the most intriguing phenomena [4]. AL
describes that if the impurity randomness is large enough,
the diffusive motion for carriers would be suppressed. The
suppression comes from the destructive interference of waves
that suffer multiple scattering in a medium with randomly
many scatterers. Therefore, the density profile of the wave
will decrease exponentially along the propagation direction,
which led to AL. According to the Ioffe-Regel criterion,
the requirement to generate AL in three dimensions is that
the mean free path must be smaller than the wavelength of
the electron (l < λ) [5]. The mobility edge then appears
at momentum km = 1/l , below which AL exists. In contrast
to one or two dimensions, it is predicted that the effect of
disorder causes all of the single-particle quantum states to
be localized, although the mobility edge still arises for a
particular type of disorder in the Born approximation [6].
AL has been observed recently in various systems such as
discrete-time quantum walks (DTQWs) [7], Rydberg elec-
trons [8], photonic lattices [9], monolayer graphene [10], and
even quantum chromodynamics (QCD) [11,12].

In ultracold atomic gases, AL was first observed in time-
of-flight experiment by Billy et al. [13] using speckle po-
tential. It appears that the localized density profile exhibits
an exponential shape if the initial healing length of the con-
densate ξin is greater than the correlation length of disorder
σD. Alternatively, it will decay algebraically when ξin < σD.
The results are consistent with the analytical results predicted
earlier by Sanchez-Palencia et al. [14]. At the same time, Roati
et al. [15] have also observed AL in a noninteracting BEC
by using a quasiperiodic potential, which shows exponential
localization in the case of large disorder and a nonlocalized

*wu@ntnu.edu.tw

Gaussian distribution in the case of small disorder. Recently,
we showed that dipole oscillation of BEC in a disordered
trap [16], such as those done by Dries et al. [17], Bhongale
et al. [18], and Chen et al. [19], can also exhibit AL when
the systems come to equilibrium. Our simulations [16] of the
equilibrium localized density profile were in good agreement
with both the experiment [13] and the theory [14] for both
the ξin > σD and ξin < σD regimes. This suggests, therefore,
that both free-expansion and dipole-oscillation experiments
are good candidates to study AL in cold atoms.

Up to now, AL has only been studied in zero-range (or
contact) interacting BECs. This paper aims to numerically
study AL in a one-dimensional (1D) Rydberg-dressed BEC in
which the range of the interaction, the blockade radius Rc, is
variable. Following our previous work [16], we consider an
oscillating Rydberg-dressed Bose-Einstein condensate with
random disorder. The main issue is how the new length scale
Rc plays a role in AL. The long-range interaction of a 1D
Rydberg-dressed BEC behaves as C̃6/(R6

c + |z − z′|6), where
C̃6 is the strength of the van der Waals interaction between
Rydberg-dressed ground-state atoms, and z and z′ are the co-
ordinates of the two atoms. Due to the long-range interaction,
the system can undergo a superfluid (SF) -supersolid (SS)
transition at Rc = lc � 1.7ξ0, with ξ0 = ξ (Rc → 0) the zero-
range healing length (see Sec. III). When ξ0 is fixed and set to
greater than σD, it will be shown that exponential localization
occurs in the equilibrium condensate when Rc � lc (in the SF
regime), while Gaussian localization occurs when Rc > lc (in
the SS regime).

The paper is organized as follows. Our numerical approach
is outlined in Sec. II. Based on the theory of the healing length
for a homogeneous system, the critical range for the SF-SS
transition is studied in Sec. III. Section IV discusses the AL in
the SF regime, and Sec. V discusses the AL in the SS regime.
Section VI is a conclusion.

II. NUMERICAL APPROACH

We consider the possible AL in a harmonically trapped
oscillating 1D Rydberg-dressed BEC with weak random po-
tential. Motivated by the success of our previous work [16],
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we continue to apply the framework of the Gross-Pitaevskii
equation (GPE). The time-dependent 1D GPE reads

ih̄∂tψ (z, t ) =
[
− h̄2

2m
∂2

z + Vho(z) + Vdis(z)

+ N
∫

U (z − z′)|ψ (z′, t )|2dz′ − μ

]
ψ (z, t ),

(1)

where Vho(z) = mω2z2/2 is the trapping potential, U (z −
z′) = gδ(z − z′) + C̃6/(R6

c + |z − z′|6) is the combination of
contact and long-range interactions, with g = 4π h̄2a/m the
strength of contact interaction due to s-wave scattering (a is
the scattering length), N is the total number of atoms, μ is
the chemical potential, and the wave function ψ is normalized
to 1,

∫ |ψ2|dz = 1. The random disorder potential Vdis(z) is
characterized by the autocorrelation function

〈Vdis(z)Vdis(z + 
z)〉 = V 2
Dsinc2

(

z

σD

)
, (2)

with σD the correlation length and VD the strength of the
disorder potential [14].

For oscillations, we let the condensate be released at the
trap center with an initial velocity v0 [16]. To obtain an
initial wave function with v0, one can apply the Galilean
transformation: ψ = ϕ exp(imv0z/h̄). The resulting GPE for
the residual wave function ϕ then reads

ih̄∂tϕ(z, t ) =
[

1

2m

(
h̄

i
∂z − mv0

)2

+ Vho(z) + Vdis(z)

+N
∫

U (z − z′)|ϕ(z′, t )|2dz′ − μ

]
ϕ(z, t ).

(3)

Long-term imaginary-time evolution of Eq. (3) gives ϕ, which
in turn gives the initial wave function ψ .

In the present study, for simplicity, we alternatively em-
ploy the step-function-like long-range interaction αθ (Rc −
|z − z′|) with α the strength. The simplified step-function-like
interaction gives a good approximation to the real one in
Eq. (1) or Eq. (3). Moreover, the contact interaction is set
to zero (g = 0), which can be easily reinstalled (see later).
In our results, the units of length and time are taken to be√

h̄/mω and 1/ω. For convenience, we further take the natural
units, h̄ = m = ω = 1. All simulations are performed for a
long enough time (t � 80π ) to ensure the equilibrium of the
system. Readers can refer to our previous work [16] for more
details of the numerical treatments.

III. CRITICAL RANGE

We first consider the SF-SS transition in the Rydberg-
dressed Bose condensate. The non-linear term in (1) can be
expanded as∫

U (z − z′)n(z′, t )dz′ = 1

2π

∫
Ũ (k)ñ(k, t )eikzdk

= Ũ (0)(0)n(z, t ) − Ũ (2)(0)

2!

[
∂2

z n(z, t )
]

+ Ũ (4)(0)

4!

[
∂4

z n(z, t )
] + · · · , (4)

where n(z, t ) = |ψ (z, t )|2, Ũ (k) and ñ(k, t ) are Fourier trans-
forms of U (z) and n(z, t ), and Ũ (n)(0) ≡ limk→0 ∂nŨ (k)/∂kn.
As for U (z) = αθ (Rc − |z|), which is an odd function in z,
odd-order derivative terms vanish in the expansion (4). More
explicitly, Ũ (k) = 2α sin(kRc)/k, which yields Ũ (0)(0) =
2αRc, Ũ (2)(0) = −2αR3

c/3, and Ũ (4)(0) = 2αR5
c/5. Thus in

the absence of disorder and trapping, up to fourth-order cor-
rections the healing length ξ of the homogeneous system is
governed by [20]

1

2ξ 2
= 2αRcn0 + 2

3

αR3
cn0

2!ξ 2
+ 2

5

αR5
cn0

4!ξ 4
, (5)

where n0 = N/V (V denotes the 1D volume) is the corre-
sponding uniform number density away from the boundary.

In the limit of Rc → 0, the healing length reduces to

ξ (Rc → 0) ≡ ξ0 = 1

2
√

n0αRc
. (6)

For finite Rc’s, (5) can be solved to give

ξ 2 = 1

2

⎡
⎣(

ξ 2
0 − R2

c

6

)
±

√(
ξ 2

0 − R2
c

6

)2

− R4
c

30

⎤
⎦. (7)

The theory of healing length (5) breaks down when the term
inside the square root in (7) becomes negative. In turn it yields
the critical range for the SF-SS transition:

Rc = lc � 1.7ξ0. (8)

When Rc � lc (Rc > lc), the ground state of the system is in
the SF (SS) regime. We have checked that the result holds
quantitatively even when one takes up higher-order correc-
tions.

IV. LOCALIZATION IN SF REGIME

With Rc = ξ0 < lc in the SF regime, Fig. 1(a) shows a
long-time simulation of a dipole-oscillating Rydberg-dressed
BEC in a weak random potential when it comes to equilib-
rium. In the semilog plot, it unambiguously identifies that the
equilibrium localized density profile is exponential, |ψ (z)|2 ∝
exp(−2γeff|z|), at the range 20 < |z| < 60. The best-fit curve
yields γeff = 0.025. Similar exponential equilibrium localized
density profiles hold for any Rc � lc.

In the expansion of a contact interacting BEC with ran-
dom disorder, Sanchez-Palencia et al. [14] showed that the
localized density profile depends intimately on the density
profile before the expansion, which is characterized by the
initial healing length ξin [or the Thomas-Fermi (TF) radius
RTF] and the mobility edge, which is characterized by the
correlation length σD of disorder. The expansion basically
follows the scaling theories of Kagan et al. [21] and Castin
et al. [22], and when it expands sufficiently long, the system
enters the noninteracting limit. On the other hand, according
to Anderson’s theory [4], the localized k wave, φk (z), for a
noninteracting system with weak random disorder behaves as
〈|φk (z)|2〉 ∝ exp[−2γ (k)|z|] for γ (k)|z| 
 1, where γ (k) =
1/L(k) is the Lyapunov exponent and L(k) is the localization
length. Consequently, Sanchez-Palencia et al. [14] showed
that the localized density profile of the expanding condensate
is exponential (algebraic) when ξin > σD (ξin < σD).

053619-2
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FIG. 1. Blue curves: long-time simulations of the equilibrium density profiles for the dipole oscillating Rydberg-dressed Bose condensate
with weak random disorder. (a) Exponential localization occurs for Rc = ξ0 < lc in the SF regime. The best-fitted (dotted black) curve is
|ψ (z)|2 ∝ exp(−2γeff|z|) with γeff = 0.025. (b) and (c) Gaussian localizations occur for both Rc = 2ξ0 (close to the critical range lc � 1.7ξ0)
and Rc = 40ξ0 (away from lc) in the SS regime. Both are best fitted for |ψ (z)|2 ∝ exp(−γ 2

effz
2) with γeff = 0.0256 and 0.0238 for (b) and (c),

respectively. See the text for values of other parameters.

For the current dipole-oscillating Rydberg-dressed Bose
condensate in the SF regime (Rc � lc), it can be shown that
the system is still well described in the TF limit before the
system is given a velocity v0 and the disorder is in effect. One
first assumes that the density profile takes the parabolic TF
form

n0(z) = μ′ − Vho(z)

geff
, (9)

where the corrected chemical potential μ′ and effective cou-
pling constant geff are to be determined self-consistently.
Substitution of n0(z) into (4) and (1), in the TF limit in which
the kinetic term can be neglected, yields self-consistently

geff = 2αRc, μ′ = μ + 1
6 mω2R2

c . (10)

The fourth derivative term in (4) vanishes as a result of the
parabolic profile. Thus the initial TF density profile (9) is
justified to be a good approximation in the SF regime (Rc �
lc).

The density profile (9) can be rewritten as

n0(z) = nm

(
1 − z2

R2
TF

)
, (11)

where nm = μ′/geff is the density maximum at the center, and

R2
TF = 2μ′

mω2
= 2μ

mω2
+ 1

3
R2

c (12)

is the TF radius corresponding to n(z = RTF) = 0. In terms
of natural units, one can take μ′ = 200 and ξ0 = 0.05 for a
typical 1D Rydberg-dressed BEC system [23]. Consequently,
the first term in (12) is at least two orders of magnitude larger
than the second term even when Rc → lc � 1.7ξ0. This means
that before the oscillation, RTF � 20 and n(z) in (11) only
have a weak dependence on Rc in the SF (Rc � lc) regime. It
also means that in the same regime the corresponding healing
length associated with the central maximum density is weakly
dependent on Rc. Based on the results of Sanchez-Palencia
et al. [14] and our previous work [16], one then predicts that
when ξ0 > σD, the equilibrium localized density profile of
an oscillating Rydberg-dressed condensate with weak random
disorder is exponential in the SF regime. Our simulation

shown in Fig. 1(a) with ξ0 = 0.05, σD = 0.01, Rc = ξ0, and
v0 = 37.5 confirms the prediction.

In the SF regime, it is straightforward to reinstall the effect
of the contact interaction. In view of (1) and (4), when g is
finite the effective coupling in (10) can be replaced by [23]

geff = g + 2αRc. (13)

V. LOCALIZATION IN THE SS REGIME

With Rc = 2ξ0 (close to the critical range lc) and Rc =
40ξ0 (away from lc), Figs. 1(b) and 1(c) show in the SS
regime the long-time equilibrium localized density profiles for
a dipole-oscillating Rydberg-dressed BEC in a weak random
potential. In the semilog plots, both equilibrium localized
density profiles are unambiguously identifies to be Gaussian,
|ψ (z)|2 ∝ exp(−γ 2

effz
2), at the range 20 < |z| < 60. The best-

fitted curves yield γeff = 0.0256 and 0.0238 for Rc = 2ξ0 and
40ξ0, respectively.

In the SS regime, it is evident that the range of the inter-
action (the blockade radius Rc) plays an important role, and
the system will not enter the noninteracting limit. We first
consider the initial state before the system is given a velocity
v0 and the disorder is in effect. Figure 2 shows the calculated
density distribution n0(z) of a trapped 1D Rydberg-dressed
Bose condensate in the SS regime with Rc = 40ξ0 (blue
curve). As shown, each droplet (peak) is well approximated
by a Gaussian and consequently

n0(z) �
∑
�∈Z

Ae−2(z−�d )2/b2

(
1 − z2

R2
TF

)2

�(RTF − |z|), (14)

where the summation extends over all SS lattices, A > 0
is the normalization factor,

√
2b is the half-width of each

single Gaussian droplet, d is the lattice constant, and to the
best fit the factor (1 − z2/R2

TF)2
�(RTF − |z|) is due to the

trapping effect. Figure 2 also reveals that d = 2.45, which
is comparable to Rc = 40ξ0 = 2.0, and b = 0.285, which is
much smaller than d .

The ground state of a SS corresponds to the case when any
two neighboring droplets are well separated from each other
(b � d). It implies that the contribution to the interaction
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FIG. 2. Density distribution n0(z) (blue curve) calculated for a
trapped 1D Rydberg-dressed Bose condensate in the SS regime
with Rc = 40ξ0. As shown, each droplet is well approximated by a
Gaussian with b = 0.285. The lattice constant d = 2.45. The SS is
subject to the trapping effect with TF radius RTF = 20.

energy ∫∫
U (z − z′)|ψ (z)|2|ψ (z′)|2dz dz′

is

α(N ′/N )2 within one droplet,

0 between neighboring droplets. (15)

Here N ′ is total number of atoms for the particular droplet.
The constant α(N ′/N )2 in (15) implies that within each
droplet, the system can be viewed as “noninteracting” to
which the interaction energy just gives the total energy a shift.
This is why its density function can be well described by a
Gaussian [24].

In association with n0(z) in (14), the corresponding mo-
mentum distribution is

D(k) =
∫

dz n0(z)e−ikz. (16)

In the limit of a large number of lattices (in the small ω or
large RTF limit), one obtains

D(k) �
∑

�

A

√
πb2

2
e−k2b2/8e−ik�d

=
∑

n

A

√
πb2

2
e−k2b2/8δk,2nπ/d , (17)

where n is any integer. Momentum distribution D(k) in (17) is
illustrated in Fig. 3, where important length scales in k space
are denoted.

When the Rydberg-dressed condensate starts to oscillate
with a velocity v0 and eventually comes to equilibrium with
weak random disorder, momentum distribution D(k) in (17) is
no longer the correct one for the localized state. However, due
to the trapping effect, the localized condensate only expands
a few times from the initial size of RTF. Thus it is anticipated

FIG. 3. Illustration of momentum distribution D(k) in (17). The
effective cutoff of D(k) is ∼4/b, which is smaller than the mobility
edge 1/σD in the case of ξ0 > σD.

that the momentum distribution of localized k waves is not
very different from D(k) in (17). At least, one expects that
(17) can give a qualitatively good description. Using (17), the
equilibrium localized density profile in the SS regime can be
given by [14],

n(z) =
∫ ∞

−∞
dk D(k)〈|φk (z)|2〉, (18)

where φk (z) is the decaying k-wave for the SS regime.
As long-ranged interaction is dominant in the SS regime,

Anderson’s exponentially decaying k wave will not describe
the current system. One needs to derive a proper localization
theory for the current φk (z). This is beyond the scope of
the current work, however. Nevertheless, we instead take the
numerical approach. Based on the description (18) and by
examining the simulation results shown in Figs. 1(b) and
1(c), we argue that the decaying k wave for the long-ranged
interacting system with a random potential could behave as

〈|φk (z)|2〉 ∝ exp[−γ 2(k)z2] (19)

for γ (k)|z| 
 1. The exponent γ (k) will decrease as k in-
creases and vanishes at k ∼ 1/σD, corresponding to the mo-
bility edge for weak random disorder (see Fig. 3).

Substitutions of (17) and (19) into (18) yield

n(z) ∝
∑

n

∫ ∞

−∞
dk e−k2b2/8δk,2nπ/d e−γ 2(k)z2

�
∑

|n|�2d/bπ

e−n2π2b2/2d2
e−γ 2(k=2nπ/d )z2


k. (20)

In the second line of (20), the upper limit of the sum is due
to the effective cutoff ∼4/b of D(k) (see Fig. 3). In addition,
we assume that each δ peak contributes with a finite width

k for a real finite-lattice system. In the case of ξ0 > σD

and 1/σD > 4/b, the localized density profile at γ (k)|z| 
 1
should be dominated by the term with the largest k, or the
smallest γ in (20). Consequently, the localized density profile

|ψ (z)|2 ∝ e−γ 2
effz

2
, (21)

where the effective exponent γeff � γ (k ∼ 4/b).
Physically, one would expect that the long-ranged interac-

tion will result in some delocalization. By comparing the ex-
ponential and Gaussian localizations shown in Figs. 1(a)–1(c),
it is indeed the case that the Gaussian density profile (with
larger Rc) is more delocalized than the exponential density
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profile (with smaller Rc) for 20 < |z| < 60. One can also com-
pare the two Gaussian density profiles in Figs. 1(b) and 1(c)
where the best-fitting curves give |ψ (z)|2 ∝ exp(−γ 2

effz
2) with

γeff = 0.0256 and 0.0238 for (b) and (c), respectively. This
indicates that the delocalization is relatively more profound in
(c) (Rc = 40ξ0) than in (b) (Rc = 2ξ0).

In dipolar BEC systems, due to the anisotropy of the
dipole-dipole interaction, the Lee-Huang-Yang (LHY) cor-
rection effect can largely help stabilize the system and the
formation of supersolids [25–31]. In Rydberg-dressed BEC
systems, in contrast, the long-ranged interaction is isotropic
and the system can stabilize itself and form a supersolid in the
absence of the LHY correction. Similar to the dipolar BEC
systems, the LHY correction will likely enhance the superfluid
fraction in Rydberg-dressed BEC systems, but how it affects
the supersolid structures, and especially how it interplays with
the disorder, deserves a detailed study.

VI. CONCLUSION

In conclusion, we study the Anderson localization in a
Rydberg-dressed BEC in a disordered trap, in which the range
of interaction, the blockade radius Rc, is variable. When the
zero-range limit healing length ξ0 is longer than the disorder
correlation length σD, the exponential equilibrium localized
density profile is found in the SF regime (Rc � lc), while

the Gaussian localized density profile is found in the SS
regime (Rc > lc) (lc � 1.7ξ0 is the critical range for the SF-SS
transition).

In the opposite case when σD > ξ0, the algebraic localized
density profile is expected to be found in the SF regime. It
should be similar to what was predicted by Sanchez-Palencia
et al. [14] and also shown by our previous work [16] for a
contact interacting Bose condensate. In the SS regime, our
preliminary results show that Gaussian localization will also
occur. While the decrease of mobility edge (1/σD) will result
in incomplete support (1/σD < 4/b) for localization, the idea
that Gaussian localization is dominated by the term with the
largest k or the smallest γ seems to still work.

We have argued that the decaying k wave for a long-ranged
interacting system with random disorder could behave as
〈|φk (z)|2〉 ∝ exp[−γ 2(k)z2] for γ (k)|z| 
 1. Verification of it
deserves a future comprehensive microscopic theory.
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In this meeting, we presented a poster entitled “Superconductivity in Empty Bands and Multiple Order 

Parameter Chirality”. This paper shows that recent positive Kerr rotation in UPt3 reveals that due to the 

high photon energy, the empty or occupied bands away from the conduction band should play an 

important role in the observed Kerr rotation. It also reveals that certain mirror and time reversal 

symmetries are broken. Moreover, of great interest, it also reveals that order parameter chiralities in the 

two bands involved are different. 
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二、 與會心得 

This is the first superconductivity meeting that I attend since 2015. I intend to learn the up-to-date 

information of the related researches from this meeting. The unsolved problem of high Tc still attracts 

many people working in this area. The newest phase diagram emphasizes the order of charge density 

wave (CDW). Whether CDW is connected to the mechanism of high Tc or pseudogap in the 

underdoped regime is still under debate. High-energy probe like X-ray scattering has been extensively 

investigated to reveal plasmons. In some sense, the existence of the plasmons confirms that the high 

Tc compounds are Fermi-liquid like. Other probes like laser-ARPES and synchrotron-ARPES have 

been re-investigated to study the Fermi-surface and gap symmetry of many different kinds of high Tc. 

In conclusion, high Tc is really a hard topic in current condensed matter physics, but it is still very 

attractive.   

 

 

三、 發表論文摘要 (全文附在後面) 

Recent experiments have shown rotation of the plane of polarization of light reflected from the 

surface of some superconductors. The photon energy exceeds the electronic bandwidth, so that 

completely filled or completely empty bands must play a role. We show that in strong-coupling 

theory a Coulomb interaction can produce an order parameter in the unoccupied band that explains 

the observations. Thus the phenomenology puts tight constraints on the form of the order parameter 

in different bands. We propose that the experiments have detected, for the first time, the existence of 

a superconducting order parameter in a band far from the Fermi energy [1]. This is only possible 

because of the sensitivity to delicate symmetries: a positive Kerr effect indicates that time reversal 

and certain mirror symmetries are broken in the ordered phase. Furthermore, detailed analysis of the 

results implies that in UPt3 there exist bands that have different order parameter chiralities, opening 

up complex new possibilities for topological superconductivity.  

 

[1] R. Joynt and W. C. Wu, Sci. Rep. 7, 12968 (2017). 

 

四、建議 

    The next SNS meeting will be held in Bangalore, India in 2022. This meeting is really good in terms of 
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Superconductivity in Empty Bands 
and Multiple Order Parameter 
Chirality
Robert Joynt1,2 & Wen-Chin Wu3

Recent experiments have shown rotation of the plane of polarization of light reflected from the surface 
of some superconductors. The photon energy exceeds the electronic bandwidth, so that completely 
filled or completely empty bands must play a role. We show that in strong-coupling theory a Coulomb 
interaction can produce an order parameter in the unoccupied band that explains the observations. 
Thus the phenomenology puts tight constraints on the form of the order parameter in different bands. 
We propose that the experiments have detected, for the first time, the existence of a superconducting 
order parameter in a band far from the Fermi energy. This is only possible because of the sensitivity to 
delicate symmetries: a positive Kerr effect indicates that time reversal and certain mirror symmetries 
are broken in the ordered phase. Furthermore, detailed analysis of the results implies that in UPt3 there 
exist bands that have different order parameter chiralities, opening up complex new possibilities for 
topological superconductivity.

The subject of unconventional superconductivity is now over 30 years old, and the prime driving force in the field 
has been the determination of the form of the order parameter. This is important in itself for possible applica-
tions in quantum computing, and also in order to determine the mechanism of superconductivity. This issue has 
become more urgent in the era of topological superconductivity. The determination has generally proved to be 
surprisingly difficult: unambiguous identifications remain remarkably few in number.

Experiments at optical frequencies are rarely useful in this connection. Superconductivity is fundamentally a 
low-frequency phenomenon, and modification of interband matrix elements by superconductivity are miniscule. 
The Kerr effect1, rotation of the plane of polarization of reflected light through an angle θK, is an important possi-
ble exception to this venerable rule, since it tests time-reversal symmetry breaking.

The Kerr effect in superconductors was already an active area of research both in experiments2 and theories3,4 
in the 1990s. However, positive experimental results are relatively recent. A nonzero signal that begins at the onset 
of superconductivity and grows as temperature decreases has been observed in Sr2RuO4

5, UPt3
6, and URu2Si2

7. 
The simplest theories of the pure system do not give a result large enough to explain the observed magnitude of 
θK ≈ 10−6. In Sr2RuO4 this has been interpreted in different ways. One is to invoke impurity scattering8–10. Another 
is to attribute the effect to interband transitions between bands that cross the Fermi energy11,12. This paper focuses 
on clean UPt3, though we comment on other compounds below. This is the simplest case for our purposes, 
since in UPt3 the bandwidth is less than the energy (0.8 eV) of the light13,14 (see Fig. 1 for a schematic plot).  
Thus the transitions induced by the light can only connect partially occupied with completely unoccupied bands 
and we have a clear-cut example of a material for which the above theories can be ruled out.

We propose that the Coulomb interaction induces a nonzero order parameter in the unoccupied bands that is 
responsible for the Kerr effect. This implies that the Kerr effect experiments probe, for the first time, a supercon-
ducting order parameter in an unoccupied band distant from the Fermi energy. A somewhat similar effect was 
proposed for semiconductors with small gaps15 and may have been seen in a completely occupied band relatively 
near the Fermi energy in LiFeAs16. But this would be the first time that the order parameter in a distant band has 
been seen in experiments. Furthermore, since the present treatment is purely phenomenological the conclusions 
are independent of the microscopic mechanism of superconductivity.
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Kerr Effect in Superconductors
Reflection of light of frequency ω incident on a sample along the z-axis is controlled by the components εxx(ω), 
εyy(ω), εxy(ω), and εyx(ω) of the dielectric tensor. UPt3 is hexagonal and we can assume that tetragonal distortions 
that give rise to the inequality of εxx(ω) and εyy(ω) (linear birefringence) are absent so εxx(ω) = εyy(ω) = ε. In any 
case, the experiments are designed not to be sensitive to linear birefringence1. In a field →u  that breaks time rever-
sal symmetry, including an effective field from an order parameter, the Onsager relation is 
ε ω ε ω→ = −→u u( , ) ( , )xy yx

17 and since the assumption of a linear relation between ε and →u  is well-founded in the 
present case, we find εxy(ω) = −εyx(ω). Then the normal modes in the metal for a propagation direction 

→
= ˆk kz 

are circularly polarized. For each frequency there are two wavevectors k+ and k− that correspond to the two heli-
cities: ω ε=± ±k c( / )2 2 2  and ε±(ω) = εxx(ω) ± i|εxy(ω)|. The different dispersion and absorption for k+ and k− gives 
the Kerr rotation θ ε ε= Re( / )K xy xx

3/2  in a metal (for which |εxx|  1). To have εxy ≠ 0 or εyx ≠ 0, we need breaking of 
both mirror symmetries x → −x and y → −y and time-reversal18. For a spatially uniform conventional singlet 
superconductor with order parameter Δ, time-reversal means Δ → Δ* and a change of gauge is Δ → Δeiφ, so 
any time-reversal transformation is equivalent to a gauge transformation and as a result there is no non-trivial 
notion of time-reversal. For an unconventional superconductor with a momentum-dependent order parameter, 
this is not the case: we might have Δ(p) = cΔ0pz(px + ipy). Then Δ*(p) = cΔ0pz(px − ipy) and no uniform phase 
factor relates Δ and Δ*.

Model Hamiltonian
An appropriate model Hamiltonian for the multiband superconductor UPt3 is:

∑

∑ ∑

µ ξ− = → → →

+ → ′ →′ → −→ ′ −→′ ′ →′

σ
σ σ

→

→ ′ → ′
↑ ↓ ↓ ↑

†

† †

H N n p a n p a n p

V n p n p a n p a n p a n p a n p

( , ) ( , ) ( , )

( , ; , ) ( , ) ( , ) ( , ) ( , ),
(1)

n p

n p n p

, ,

, ,

where ξ →n p( , ) are the single-particle energies measured relative to the chemical potential, σ is the pseudospin, n 
and n′ are band indices, →

σ
†a n p( , ) creates an electron in the state σ→np , and → ′ →′V n p n p( , ; , ) is a singlet pairing 

interaction. The sum runs over all bands within 0.8 eV of the Fermi energy. Since the bandwidths are of order 
B ≈ 0.2 to 0.3 eV, this includes completely full and completely empty bands as well as the usual partially occupied 
bands. Because of the narrow bandwidth, there is no pair of partially occupied bands that have energies as much 
as 0.8 eV apart.

Figure 1. Schematic plot showing the energy scales in the Kerr rotation angle experiment on UPt3
6. The photon 

energy ħω = 0.8 eV is about the energy separation between occupied and empty bands G, while the band widths 
of the occupied and empty bands B1 and B2 ≈ 0.2 eV, which is smaller than ħω. Thus absorption of the light and 
the consequent polarization rotation is due to interband transitions.
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We have restricted our model to give singlet pairing only for ease of presentation. The conclusions are essen-
tially the same for triplet pairing. H is treated in the mean field approximation in a straightforward generalization 
of the usual BCS-Gor’kov procedure19. However, we include strong coupling in that we make no assumptions 
about frequency cutoffs for the function → ′ →′V n p n p( , ; , ). This leads to a set of coupled gap equations

∑∆ → = − ′ →′ → ′ →′ ∆ ′ →′
′→ ′

n p F n p V n p n p n p( , ) ( , ) ( , ; , ) ( , ),
(2)n p

where β→ = → →F n p E n p E n p( , ) tanh[ ( , )/2]/[2 ( , )], ξ→ = → + ∆ →E n p n p n p( , ) [ ( , ) ( , ) ]2 2 1/2, and β is the inverse 
temperature. Since the experiments are done near the critical temperature, we linearize these equations with 
respect to Δ and βξ ξ→ = → →F n p n p n p( , ) tanh[ ( , )/2]/[2 ( , )]. In this case →F n p( , ) has the full symmetry of the 
lattice.

The point group of the system is D6h for UPt3. The case of interest is that of unconventional superconductivity. 
Let R be a group operation not the identity. We have that ∆ → ≠ ∆ →n Rp n p( , ) ( , ) for all n. It is also true that 

→ ′ →′ = → ′ →′V n Rp n Rp V n p n p( , ; , ) ( , ; , ) so V can be decomposed into channels corresponding to the irreducible 
representations of G. Regarded as a function of →p , we seek the highest eigenvalue of V, which then determines the 
representation actually realized. Calculations for UPt3 using experimental data to estimate → ′ →′V n p n p( , ; , ) were 
done years ago, but were not conclusive20,21 and first principles calculations using the functional renormalization 
group have been done for other systems22, but not for UPt3. In any case, the conclusions of this paper are inde-
pendent of the microscopic model.

The split transition in UPt3
23,24 implies that this representation is multi-dimensional, which for singlet super-

conductivity means E1g or E2g. We choose the former for definiteness, but our conclusions apply equally to these 
two representations. It is important to note that in the linear regime, Eq. (2) determines the representation, but 
not which combination of basis functions is chosen by the system. This degeneracy is broken at higher order and 
there must be complex coefficients for a Kerr rotation to occur. Thus we have that ∆ → = ∆ → ±n p n p p p ip( , ) ( , ) ( )z x y0 , 
where ∆ → = ∆ →n Rp n p( , ) ( , )0 0  for all R.

Order Parameter Symmetry in Different Bands
We may separate the bands into partially filled bands, of which there are 5 in UPt3 indexed by 1 ≤ n ≤ 5 and com-
pletely filled or empty bands, indexed by n > 5. There are 6 separate Fermi surfaces in UPt3. For n > 5, →F n p( , ) is 
of order 1/B or less. We expect ∆ ′ →n p( , )  for n′ > 5 to be induced by a coupling → ′ →′V n p n p( , ; , ) that is 
off-diagonal in the band indices, connecting partially filled to completely filled or completely empty bands.

Then there are two questions that are crucial for the calculation of θK. 1. How are the Ising-like variables ± in 
the equation ∆ → = ∆ → ±n p n p p p ip( , ) ( , ) ( )z x y0  determined as n varies? 2. What is the order of magnitude of 
∆ →n p( , )  for n > 5?

 1. The first question is fairly easy to answer in our model. → ′ →′V n p n p( , ; , ) couples only bands with a (px + ipy) 
with other bands with a (px + ipy) gap and couples only bands with a (px − ipy) with other bands with a 
(px − ipy) gap, i.e., it is diagonal in the ± degree of freedom. However, this coupling can be of either sign. Of 
course there are no symmetries in the band index, so the couplings have no particular relation to each 
other. In a Ginzburg-Landau approach, we may define η η∆ → = ∆ → +n p n p p p p( , ) ( , ) ( )z x x y y0  where the 
“internal” order parameter η η η→ = ( , )x y  depends on the band index. The free energy in E1g is then

α η η β η η γ η η η η η η= → ⋅ → + → ⋅ → + → ⋅ → + → ⋅ → + → ⋅ →⁎ ⁎ ⁎ ⁎F J( ) ( ), (3)m m m m m m m m m mn m n m n
2 2

with a summation convention over the band indices m and n in effect. To break time-reversal symmetry 
we need the γm to be positive, and we need some of the Jmn to be positive for some pair (m, n) of bands that 
differ in energy by 0.8 eV. Then we have a problem of determining the ground state of an Ising magnet with 
more-or-less random couplings. We may expect both (px + ipy) and (px − ipy) to occur in the absence of 
physical considerations to the contrary.

 2. The second question is more complicated. The size of ∆ →n p( , )  for the partially occupied bands (n ≤ 5) is 
at least partially constrained by experiment. We expect at least one and perhaps more of the gaps to be of 
order 2kBT, i.e., about 10−4 eV. The superconductivity for n > 5 is induced from the partially occupied 
bands. For estimation purposes, we choose 2 bands from Eq. (2), denoting them by g for partially occupied 
and e for empty. We consider the separable forms: → →′ = − → →′⁎V g p g p g f p f p( , ; , ) ( ) ( )g  and 

→ →′ = − → →′⁎V g p e p g f p f p( , ; , ) ( ) ( )e  with → = +f p p p ip( ) ( )z x y , so that ∆ → = ∆ →g p f p( , ) ( )g
(0)  and 

∆ → = ∆ →e p f p( , ) ( )e
(0) . The assumption that ∆e

(0) is induced means that the corresponding component of 
→ →′V e p e p( , ; , ) is small and we set it to zero. Then Eq. (2) yields

∆ 


− ∆ 


= ∆ ∆ ∆ = ∆ ∆( ) ( )g F g F g F1 ( ); , (4)g g g g e e e e e g e g g
(0) (0) (0) (0) (0) (0) (0)

where ∆ = ∑
→ →

→F F g p f p( ) ( , ) ( )g g p
(0) 2

 and ∆ = ∑
→ →

→F F e p f p( ) ( , ) ( )e e p
(0) 2

. At T = 0 we have that ∆ ≈F N( ) (0)g g g
(0)

ω ∆ln( / )c g
(0)  while ∆F ( )e e

(0)  is of order 1/ωc. The latter estimate also requires that the cutoff ωc is not too much less 
than the bandwidth, justified if the interaction comes from the Coulomb interaction. We find that 
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|∆ ∆ | ∼ | |g g/ /e g e g
(0) (0) . Since all the bands are f-like in UPt3, the Coulomb matrix elements at short distances are 

expected to be comparable, and this gives reason to suppose that |∆ ∆ |/e g
(0) (0)  is of order unity. Figure 2(a) gives a 

schematic plot showing that strong Coulomb interaction Vc can generate superconducting order parameters in 
the empty bands.

Magnitude of θK
In order to calculate θK we need the diagonal complex dielectric function εxx(ω = 0.8 eV). This has been deter-
mined by reflectivity measurements and a Kramers-Kronig analysis25,26. In this frequency range it is necessary 
to include several Lorentz oscillators to fit the data, showing that there are interband transitions at ω = 0.8 eV. 
This is in agreement with band calculations13,14. We extract the approximate values Reεxx(ω = 0.8 eV) ≈ 3 and 
Imεxx(ω = 0.8 eV) ≈ 25 from these results.

The key quantity is of course the off-diagonal dielectric function εxy(ω = 0.8 eV). The result for a single pair of 
bands (m, n) is

∑ε ω δ ω= → −→ − → − →π

ω →

∆ → ∆ →

→ →

⁎
J p J p E p E pRe ( ) ( ) ( ) [ ( ) ( )],

(5)
xy

p
x

mn
y

mn m p n p
E p E p n m

64 ( ) ( ) Im[ ( , ) ( , )]
( ) ( )m n

2

obtained from the anomalous part of the lowest-order bubble diagram. This is not the total dielectric function. To 
get that we must also sum over all pairs. Here →J p( )x y

mn
,

( )  are the interband matrix elements of the current operator 
between single-particle states in the partially occupied m-band and the empty n-band. An analogous expression 
would hold for transitions from a completely full band to a partially occupied band. This expression for εxy is to be 
compared to that for the familiar normal-state dielectric function

∑ε ω π
ω

δ ω ξ ξ= → → − → + → .
→

J p J p p pIm ( ) 32 ( ) ( ) [ ( ) ( )]
(6)

xx
p

x
mn

x
mn

n m2
( ) ( )

Although Eqs (5) and (6) contain quantities which are poorly known, only the ratio is involved in the Kerr angle 
θK. It is only this that allows us to give an order of magnitude estimate for θK. To make the estimate we consider 
two scenarios for the band structure.

Scenario 1. We take the single-particle energies ξ →p( )m , ξ →p( )n  to be random uncorrelated variables that are 
uniformly distributed over a bandwidth B, and the center of the m and n bands are separated by an energy G (see 
Fig. 1). In the model the averages over the current matrix elements are assumed to be the same for the two bands, 
and there are no correlations in momentum space between the gap functions ∆ →m p( , ), ∆ →⁎ n p( , ) and →J p( )x

mn( ) , 
→J p( )y

mn( ) . The computation of the ratio then reduces to a determination of the ratio of the density of states parts of 
Eqs (5) and (6). The result is:

ε

ε ω
ω

∼
∆ ∆ 


∆






≈ × .−

B
I I

Re
Im

2 ln 5 10
(7)

xy

xx

m n c

m
s s

7

Figure 2. (a) Schematic plot showing that strong Coulomb interaction Vc can generate superconducting order 
parameters in the empty bands. Blue (red) circles denote Cooper pairs with positive (negative) chirality. Note 
that the chirality is interpreted as spin, and the interaction can promote chirality ferromagnetism or chirality 
antiferromagnetism. (b) Schematic plot showing that Kerr rotation creates a broken pair with different chirality 
of the two order parameters involved. If only one chirality is involved, then no Kerr rotation results.
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Here Δm, Δn are the average values of ∆ →m p( , ) , ∆ →n p( , ) , taken to be approximately equal to 2kBTc, ωc is the 
cutoff for the gap ∆ →m p( , ) and we have assumed that ωc does not differ by orders of magnitude from B, which we 
take to be B = 0.2 eV. Is is the normalized angular integral over the anisotropic gap functions. We discuss it further 
below. Eq. (7) gives the contribution to the ratio Reεxy/Imεxx from one pair of bands. If we sum over all bands and 
the ratio does not vary much from pair to pair, then we may combine this value with the normal-state experimen-
tal value of εxx(ω) quoted above to find θK ~ 2 × 10−7 at zero temperature, which is about 20% or so of the value 
one would get if the experimental results measured near Tc are extrapolated to T = 0.

Scenario 2. We take the bands to have a similar shape, so that there is correlation built into the variables ξ →p( )m , 
ξ →p( )n . As displayed in Fig. 3, a simplified symmetric two-band structure is taken: εgk = ħ2k2/2m* and εek = εgk + G 
with G being the average band gap between two bands and m* being the effective mass of electrons. In this case, 
the result is

ε

ε ω
∼

∆
−

.
G

I
Re
Im

4
(8)

xy

xx
s

2

2 2

It is assumed that Δm ≈ Δn ≡ Δ. Intraband theories typically give θ ω∼ ∆ ∼ −( / ) 10K
2 8, which is smaller. When 

ω >∼ G, the result (8) predicts that θK can be highly enhanced due to a resonance effect. For instance, if G = 0.9ω, 
θK will be one order of magnitude larger than what is predicted by one-band theory, θ ω∼ ∆( / )K

2, in good agree-
ment with experiment.

Multiple Chiralities
These order-of-magnitude considerations all assume that θK does not vanish by symmetry, which of course can 
happen if the angular integral in Eq. (5) vanishes: Is = 0. Resolving this question amounts to a symmetry analysis 
of the factor → −→ ∆ → ∆ →⁎J p J p m p n p( ) ( ) [ ( , ) ( , )]x

mn
y
mn( ) ( )  for each pair of bands that are separated by the laser pho-

ton energy 0.8 eV. Both the real and the imaginary part of ∆ → ∆ →⁎m p n p[ ( , ) ( , )] contribute to θK. The product JxJy 
transforms according to the E2g representation of D6h. The representation of ∆ → ∆ →⁎m p n p[ ( , ) ( , )] is in general 
reducible, and if we define it as ΓΔ, then the integral vanishes if and only if the E2g × ΓΔ representation does not 
contain the A1g (identity) representation. θK itself will vanish if and only if the integral in Eq. (5) vanishes for every 
pair of bands. Again we will use the example that ∆ →m p( , ) and ∆ →n p( , ) both transform as the E1g representation, 
but the considerations apply to all representations. For this case we have essentially two possibilities. The first is 
∆ → ∆ → ∼ + + = +⁎ ⁎m p n p p p ip p ip p p p( , ) ( , ) ( ) ( ) ( )z x y x y z x y

2 2 2 2 , and we find ΓΔ = A1g and since E2g × A1g = E2g, 
Is = 0 and there is no contribution to θK for a pair of bands both of which are of the (px + ipy) type. The second case 
is  ∆ → ∆ → ∼ + − = − +⁎ ⁎m p n p p p ip p ip p p p ip p( , ) ( , ) ( ) ( ) ( 2 )z x y x y z x y x y

2 2 2 2 ,  which gives ΓΔ =  E2g.  Since 
E2g × E2g = A1g + A2g + E2g, Is ≠ 0 a pair of this type can contribute to nonzero θK. Thus, continuing the analogy 
with the Ising model, each band being of the ± type, we see that a “ferromagnetic” state with all bands of the + 
type or all bands being of the - type does not lead to a Kerr rotation. We must have a mixture of “+” and “−” gaps 
on different bands. Qualitatively, we may perhaps think of the Kerr rotation as the creation of a broken pair that 
must be able to absorb both the energy and the angular momentum of the photon - this can only occur if the 
chirality of the two gaps involved is different [see Fig. 2(b) for a schematic plot].

Conclusion
The observation of a nonzero Kerr rotation in UPt3 is seen to have a multitude of consequences, going well 
beyond the fact that it demands that there must be time-reversal symmetry breaking. There must also exist a pair-
ing field in a completely filled or a completely empty band, since the photon energy exceeds the bandwidth. The 

Figure 3. The band structure of Scenario 2. G denotes the average band gap between two bands. In this case the 
system can take advantage of a resonance and there is enhancement of the Kerr rotation.
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observation of this pairing field is novel: in fact we believe it is the first time that it has been observed in exper-
iments in a band that is very distant in energy from the Fermi energy. The existence of this pairing field is also 
not enough to explain the phenomenon: there must be a subtle pattern of relative symmetry between the bands 
involved, which gives additional interest to the system. There must be superconductivity with opposite chiralities 
pz(px + ipy) and pz(px − ipy) coexisting in the same sample. This raises many interesting questions for the topology 
of the electronic states. We expect that both the theory of Majorana fermions in the vortex cores and that of the 
protected surface states must be generalized to accommodate this additional complexity.
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